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Abstract
We construct a Neveu-Schwarz-Ramond superstring model which is invariant un-
der supersymmetric U(1)V×U(1)A gauge transformations as well as the super-general
coordinate, the super local Lorentz and the super-Weyl transformations on the string
world-sheet. We quantize the superstring model by covariant BRST formulation a´
la Batalin and Vilkovisky and noncovariant light-cone gauge formulation. Upon the
quantizations the model turns out to be formulated consistently in 10+2-dimensional
background spacetime involving two time dimensions.
1 Introduction
It is the purpose of this paper to cast some further light upon constructions of theories
involving two or more time dimensions. We propose an explicit Lagrangian description to
the end from the viewpoint of string theory. It might be a clue for understanding the origin
of time and spacetime itself to consider the physics in which two or more time coordinates
are introduced.
From the point of view of the string unification, the relations between string theories
in various dimensions have been studied and it was also conjectured that all of these string
theories were regarded as different phases of an underlying theory in higher-dimensional
spacetime. Meanwhile, the idea of extra time dimensions, which might be hidden dimen-
sions, was suggested and studied. In this context, several unitary theories formulated in
spacetime with extra time coordinates were investigated from various viewpoints [1–13],
such as super p-brane scanning [1], N = 2 heterotic string theories [2], the perspective for
F-theory [3, 4], two-time physics [5–8], 12-dimensional super Yang-Mills and supergravity
theories [9], super (2,2)-brane [10] and superalgebraic analysis [11].
The study in this paper is focused on a model which is constructed in spacetime involv-
ing two time dimensions, although our idea for introducing extra time dimensions might
be applied to formulate other theories involving more than two time dimensions. In par-
ticular, we would like to investigate a superstring model which is consistently formulated
in 10+2-dimensional background spacetime. Our approach might make some connections
to other models [1–13] from more fundamental and unified point of view.
Some years ago, one of the authors (Y.W.) had proposed a model which has a U(1)V×
U(1)A gauge symmetry in two-dimensional spacetime and also applied the idea to string
theories [14, 15]. The striking feature of these models is that extra negative norm states
appear besides usual ones and these are removed by the quantization procedure as the
same as string theories. This fact suggests two time coordinates might be introduced in
the background spacetime. For the U(1)V×U(1)A bosonic string model, we explicitly carried
out the quantization by covariant BRST and noncovariant light-cone gauge formulations
and showed the critical dimension was 26+2 including two time dimensions [16].
This paper is a continuation of our work [16]. We wish to introduce supersymmetry
into our previous U(1)V×U(1)A bosonic string model. The extensions are considered
by two ways i.e. by introducing the supersymmetry on the string world-sheet (Neveu-
Schwarz-Ramond model) and on the background spacetime (Green-Schwarz model). In this
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paper we focus our attentions on the U(1)V×U(1)A NSR superstring model. We propose
an explicit Lagrangian description of the supersymmetric model by using the superspace
formulation [17] and study the quantization. A subject for the Green-Schwarz superstring
model based on our framework will be discussed in an additional work elsewhere [18].
The U(1)V×U(1)A superstring model is constructed as gauge field theory on two-
dimensional world-sheet. Although the similar models were investigated in refs. [6, 12],
an advantage of the formulation of our model is its manifest covariant expression in the
background spacetime by using the U(1)V×U(1)A gauge symmetry, so that we can easily
carry out the quantization with preserving the covariance. An obtained gauge-fixed action
might be useful for the perturbation theory. That is the U(1)V×U(1)A gauge symmetry
is essential in our model. In the formulation, the generalized Chern-Simons action [19]
proposed by Kawamoto and one of the authors (Y.W.) as a new type of topological action
plays an important key role. In fact, the generalized Chern-Simons action is introduced
for the action to be covariant.
As we mentioned in the previous paper [16], there are two remarks for the quantization.
These are also inherited to our superstring model. Firstly the action has a reducible
symmetry which originally arises from gauge structures of the generalized Chern-Simons
action [20]. Secondly the gauge algebra is open. In the covariant BRST quantization of
the system including reducible and open gauge symmetry, we need to use the formulation
developed by Batalin and Vilkovisky [21]. By adopting this method we explicitly show the
covariant quantization is successfully carried out in the Lagrangian formulation.
In order to treat the dynamics of our model more directly, we also quantize the same
model in noncovariant light-cone gauges. The suitable noncovariant gauge conditions can
be imposed by residual symmetries of the supersymmetric U(1)V×U(1)A gauge symmetry
and we can then solve all of the gauge constraints explicitly. We can also confirm that the
existence of two time coordinates is not in conflict with the unitarity of the theory, since
these are required by our “gauge” symmetry.
As an important feature of quantum string models, one can argue the critical dimension
of the background spacetime [22–24]. In usual superstring theories, the critical dimension
is 9+1 [25]. For our superstring model, the critical dimension turns out to be 10+2. We
obtain this result directly from both the BRST and the noncovariant light-cone gauge
formulations.
This paper is organized as follows: The brief review of the U(1)V×U(1)A bosonic
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string model is provided in Section 2. Then, we introduce the U(1)V×U(1)A superstring
model involving N = 1 supersymmetry on the world-sheet in Section 3. In this section,
symmetries and semiclassical aspects of the U(1)V×U(1)A superstring model are explained.
The covariant quantization for the model based on the Lagrangian formulation is presented
in Section 4. In this section we investigate perturbative aspects of the quantized model
and determine the critical dimension of our U(1)V×U(1)A superstring model. In Section
5, the quantization under noncovariant light-cone gauge fixing conditions is carried out.
We then study the symmetry of the background spacetime and obtain the same critical
dimension by direct computation of the full quantum Poincare´ algebra. We also present a
mass-shell relation of the model and discuss low energy quantum states. Conclusions and
discussions are given in the final section. Appendixes A, B and C contain our notational
conventions.
2 U(1)V×U(1)A bosonic string model
The U(1)V×U(1)A bosonic string model [14–16] described by two-dimensional field theory
consists of scalar fields ξI(x), φI(x) and φ¯I(x), gauge fields Am(x), B
I
m(x) and C˜(x) and
the metric gmn(x). We shall consider closed string theories throughout this paper. The D
scalar fields ξI(x) are considered to be string coordinates in D-dimensional flat background
spacetime with the metric:
ηIJ = η
IJ =

−1 (I = J = 0)
1 (I = J = i, i = 1, 2, . . . , D − 3)
−1 (I = J = 0̂)
1 (I = J = 1̂)
0 (otherwise)
(2.1)
The indices I and J run through 0, 1, 2, . . . , D− 3, 0̂, 1̂. As we will explain, the unitarity
of the theory requires two negative signatures to the background metric ηIJ (2.1), because
the U(1)A gauge transformation as well as the general coordinate transformations removes
a negative norm state.
The covariant action of the bosonic U(1)V×U(1)A string model [16] is
S =
∫
d2x
√−g
{
− 1
2
gmn∂mξ
I∂nξI − gmn∂mφ¯I∂nφI
+ A˜mφI∂mξ
I + B˜mI∂mφI − 1
2
C˜φIφI
}
, (2.2)
3
where we denote
√−gA˜m = εmnAn,
√−gB˜mI = εmnBIn,
√−gC˜ = 1
2
εmnCmn,
and g(x) = det gmn(x). The last two terms in (2.2) arise from the generalized Chern-Simons
action [19] formulated in two-dimensional spacetime. The action (2.2) is invariant under
the following gauge transformations including U(1)V×U(1)A gauge transformations [16],
δξI = v′φI ,
δA˜m =
εmn√−g∂nv + g
mn∂nv
′,
δφI = 0,
δφ¯I = u′I , (2.3)
δB˜mI = −v ε
mn
√−g∂nξ
I + v′gmn∂nξ
I +
εmn√−g∂nu
I + gmn∂nu
′I − w˜mφI ,
δC˜ = ∂mv
′A˜m − v′∇mA˜m +∇mw˜m,
δgmn = 0.
The parameters
(
v(x), uI(x)
)
and
(
v′(x), u′I(x)
)
correspond to the vector U(1) transfor-
mations “U(1)V” and the axial vector U(1) transformations “U(1)A”, respectively. Al-
though the scalar field φ¯I(x) might be gauged away by using the gauge degree of free-
dom for u′I(x), we leave this gauge degree of freedom in order to keep the U(1)V×U(1)A
gauge structure. The gauge transformations corresponding to the gauge parameters uI(x)
and w˜m(x) = εmnwn(x)/
√
−g(x) originally come from the generalized Chern-Simons the-
ory [19]. The action (2.2) is also invariant under the general coordinate and the Weyl
transformations
δξI = kn∂nξ
I ,
δA˜m = kn∂nA˜
m − ∂nkmA˜n + 2sA˜m,
δφI = kn∂nφ
I ,
δφ¯I = kn∂nφ¯
I , (2.4)
δB˜mI = kn∂nB˜
mI − ∂nkmB˜nI + 2sB˜mI ,
δC˜ = kn∂nC˜ + 2sC˜,
δgmn = k
l∂lgmn + ∂mk
lgln + ∂nk
lgml − 2sgmn,
where kn(x) is a parameter for the general coordinate transformation and s(x) is a scaling
parameter for the Weyl transformation. The transformations (2.3) and (2.4) are all local.
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It is worth to mention about some algebraic structures of the symmetry. The first
is a reducibility of the symmetry. The system is on-shell reducible because the gauge
transformations (2.3) have on-shell invariance under the following transformations of the
gauge parameters with a reducible parameter w′(x),
δ′uI = w′φI ,
δ′w˜m =
εmn√−g∂nw
′.
(2.5)
Since the transformations (2.5) are not reducible anymore, the action (2.2) is called a first-
stage reducible system. The second is that the gauge algebra is open. This means that the
gauge algebra closes only when the equations of motion are satisfied. Actually, a direct
calculation of the commutator of two gauge transformations on B˜mI(x) leads to
[δ1, δ2]B˜
mI = · · · − (v′1v2 − v′2v1)
εmn√−g∂nφ
I ,
where the dots (· · ·) contain terms of the usual “structure constants” of the gauge algebra.
In addition to the gauge symmetries (2.3) and (2.4), the action (2.2) is invariant under
the following global transformations,
δξI = ωIJξ
J + aI ,
δA˜m = rA˜m +
2g∑
i=1
αih
(i)m,
δφI = −rφI + ωIJφJ ,
δφ¯I = rφ¯I + ωIJ φ¯
J , (2.6)
δB˜mI = rB˜mI + ωIJB˜
mJ +
2g∑
i=1
(βIi + αiξ
I)h(i)m,
δC˜ = 2rC˜,
δgmn = 0,
where the parameters ωIJ = −ωJI , aI and r are global parameters for the D-dimensional
Lorentz transformation, the translation and the scale transformation, respectively. The
functions h(i)m(x) are harmonic functions which satisfy ∇mh(i)m(x) = εmn∇mh(i)n (x) = 0
(i = 1, 2, . . ., 2g; g = genus of two-dimensional spacetime) and αi and β
I
i are global
parameters.
As we have shown in ref. [16], the critical dimension of our bosonic string model (2.2)
is
D = 28. (2.7)
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This means the quantum U(1)V×U(1)A bosonic string theory is consistently formulated in
26+2-dimensional spacetime involving two time coordinates. The observation was directly
obtained from both BRST quantization based on Batalin-Fradkin-Vilkovisky formulation
and non-covariant light-cone quantization [16]. It would be interesting to extend the model
by introducing world-sheet supersymmetry as we will explain in this paper.
3 U(1)V×U(1)A NSR superstring model
In this section we construct a U(1)V×U(1)A string model which holds N = 1 supersymmetry
on the world-sheet i.e. Neveu-Schwarz-Ramond (NSR) type superstring model. In order
to formulate supersymmetric theory, we use the (1, 1) type superspace with coordinates
zM = (xm, θµ), (m = 0, 1; µ = 1, 2) where θµ are fermionic coordinates [17]. The
geometry of the superspace is given in Appendix B. Field variables of two-dimensional
supergravity are a vielbein EM
A(z) and a connection ΩM (z). In particular, we impose
kinematic constraints on torsion components which are also explained in Appendix B.
We begin by introducing superfields ΞI(z), ΦI(z), Φ¯I(z), Ψ˜α(z) ≡ (σ¯Ψ(z))α, Π˜αI(z) ≡
(σ¯ΠI(z))α and Λ˜(z) ≡ −1
2
(σ¯)αβΛαβ(z), instead of the fields ξ
I(x), φI(x), φ¯I(x), A˜m(x),
B˜mI(x) and C˜(x), respectively. The superfields ΞI(z), ΦI(z), Φ¯I(z) and Λ˜(z) are bosonic
scalar superfields, while Ψ˜α(z) and Π˜αI(z) are fermionic spinor superfields on the world-
sheet. A covariant action for the U(1)V×U(1)A NSR superstring model is then given by
the similar form to the bosonic string action (2.2),
S =
∫
d2xd2θE
{
−1
2
DαΞIDαΞI −DαΦ¯IDαΦI
+Ψ˜αΦIDαΞI + Π˜αIDαΦI − 1
2
Λ˜ΦIΦI
}
. (3.1)
The last two terms in (3.1) are constructed from the supersymmetric generalized Chern-
Simons action [15].
The action (3.1) is invariant under the following local supersymmetric U(1)V×U(1)A
transformations,
δΞI = V ′ΦI ,
δΨ˜α = (σ¯D)αV +DαV ′,
δΦI = 0,
δΦ¯I = U ′I , (3.2)
δΠ˜Iα = −V (σ¯D)αΞI + V ′DαΞI + (σ¯D)αU I +DαU ′I − W˜αΦI ,
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δΛ˜ = DαV ′Ψ˜α − V ′DαΨ˜α +DαW˜α,
δEM
A = δΩM = 0,
where the gauge parameters V (z), V ′(z), U I(z) and U ′I(z) are bosonic scalar super-
fields and W˜α(z) is a fermionic spinor superfield. The parameters
(
V (z), U I(z)
)
and(
V ′(z), U ′I(z)
)
correspond to the supersymmetric versions of the vector U(1) transfor-
mations “U(1)V” and the axial vector U(1) transformations “U(1)A”, respectively. Again,
we leave the gauge degree of freedom for the parameter U ′I(z) as well as we did in the
previous section. If this gauge degree of freedom is gauged away, the model turns to be
the same one which we have discussed in the previous work [15]. The parameters U I(z)
and W˜α(z) ≡ (σ¯W (z))α are related with the symmetries of the supersymmetric generalized
Chern-Simons action [15].
The action (3.1) is also invariant under the super-general coordinate, the super local
Lorentz and the super-Weyl scaling transformations,
δΞI = KN∂NΞ
I ,
δΨ˜α = K
N∂NΨ˜α − 1
2
L(σ¯)α
βΨ˜β +
1
2
SΨ˜α,
δΦI = KN∂NΦ
I ,
δΦ¯I = KN∂N Φ¯
I ,
δΠ˜Iα = K
N∂N Π˜
I
α −
1
2
L(σ¯)α
βΠ˜Iβ +
1
2
SΠ˜Iα, (3.3)
δΛ˜ = KN∂N Λ˜ + SΛ˜,
δEM
a = KN∂NEM
a + ∂MK
NEN
a + EM
bLεb
a − SEMa,
δEM
α = KN∂NEM
α + ∂MK
NEN
α +
1
2
EM
βL(σ¯)β
α − 1
2
SEM
α +
i
2
EM
a(σa)
αβDβS,
δΩM = K
N∂NΩM + ∂MK
NΩN + ∂ML+ EM
aεa
bDbS + EMα(σ¯)αβDβS,
where the superfields KN (z), L(z) and S(z) are gauge parameters for the super-general co-
ordinate, the super local Lorentz and the super-Weyl scaling transformations, respectively.
Some algebraic structures of the gauge symmetry which we mentioned in the bosonic
string model are also inherited to the superstring model. The gauge transformations (3.2)
have on-shell invariance under the following transformations of the gauge parameters with
a reducible scalar superfield parameter W ′(z),
δ′U I = W ′ΦI ,
δ′W˜α = (σ¯)α
βDβW ′.
(3.4)
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The gauge algebra is also open in the superstring model. Actually, a direct calculation of
the commutator of two gauge transformations on Π˜Iα(z) leads to
[δ1, δ2]Π˜
I
α = · · · − (V ′1V2 − V ′2V1)(σ¯)αβDβΦI ,
where the dots (· · ·) contain terms of the usual “structure constants” of the gauge alge-
bra. From the points of view of these structures of the gauge symmetry we may adopt
the Batalin-Vilkovisky formulation [21] which allows us to deal with reducible and open
gauge symmetries to obtain covariant gauge-fixed theories. The on-shell reducibility is the
characteristic feature of the gauge symmetry for the generalized Chern-Simons action and
the quantization of such a system has been discussed in the previous works [20].
In addition to these gauge symmetries (3.2) and (3.3), the action (3.1) is invariant under
the following global transformations,
δΞI = ωIJΞ
J + aI ,
δΨ˜α = rΨ˜α +
4g∑
i=1
αiH
(i)
α ,
δΦI = −rΦI + ωIJΦJ ,
δΦ¯I = rΦ¯I + ωIJΦ¯
J , (3.5)
δΠ˜Iα = rΠ˜
I
α + ω
I
JΠ˜
J
α +
4g∑
i=1
(βIi + αiΞ
I)H(i)α ,
δΛ˜ = 2rΛ˜,
δEM
A = δΩM = 0,
where ωIJ = −ωJI , aI , r, αi and βIi are all constant parameters. Poincare´ symmetry
is ISO(D − 2, 2) as the same as that of the bosonic model in the previous section. The
functions H(i)α (z) result in harmonic functions on two-dimensional superspace which satisfy
DH(i) = Dσ¯H(i) = 0 (i = 1, 2, . . . , 4g; g = genus of two-dimensional spacetime).
Now we introduce component fields for the superfields. In two-dimensional supergravity,
we impose Wess-Zumino gauge for the vielbein EM
A(z) and the connection ΩM (z) whose
explicit forms are given in Appendix B. The other superfields are expressed as
ΞI = ξI + i(θλI) +
i
2
(θθ)F I ,
Ψ˜α = iψˆα + iθαX
′ + i(σ¯θ)αX + i(σ
mθ)αA˜m + (θθ)ψα,
ΦI = φI + i(θκI) +
i
2
(θθ)GI ,
Φ¯I = φ¯I + i(θκ¯I) +
i
2
(θθ)G¯I , (3.6)
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Π˜Iα = iρˆ
I
α + iθαY
′I + i(σ¯θ)αY
I + i(σmθ)αB˜
I
m + (θθ)ρ
I
α,
Λ˜ = −2i
(
H + i(θπ) +
i
2
(θθ)C˜
)
.
The U(1)V×U(1)A gauge parameters are also expressed as
V = v + i(θµ) +
i
2
(θθ)M,
V ′ = v′ + i(θµ′) +
i
2
(θθ)M ′,
U I = uI + i(θνI) +
i
2
(θθ)N I , (3.7)
U ′I = u′I + i(θν ′I) +
i
2
(θθ)N ′I ,
W˜α = iτˆα + iθαf
′ + i(σ¯θ)αf + i(σ
mθ)αw˜m + (θθ)τα.
Before presenting the component expression of the classical action (3.1), we would like
to clarify the gauge structure of physical component fields in the U(1)V×U(1)A superstring
model. In terms of the component fields, the gauge transformations (3.2) are written down
as
δξI = v′φI ,
δλIα = v
′κIα + µ
′
αφ
I ,
δF I = v′GI − i(µ′κI) +M ′φI ,
δψˆα = (σ¯µ)α + µ
′
α,
δX ′ = M ′,
δX = M,
δA˜m =
1
e
gmnε
nl
(
∂lv − i
2
(µχl)
)
+ ∂mv
′ − i
2
(µ′χm),
δψα = −1
4
(
(∂mvσ¯ + ∂mv
′)σnσmχn
)
α
+
1
2
(σ¯σm∇ˆmµ)α + 1
2
(σm∇ˆmµ′)α
+
i
8
((
(µχm)σ¯ + (µ
′χm)
)
σnσmχn
)
α
− 1
4
(
(Mσ¯ +M ′)σmχm
)
α
,
δφ¯I = u′I ,
δκ¯Iα = ν
′I
α ,
δG¯I = N ′I ,
δρˆIα = −
(
(vσ¯ − v′)λI
)
α
+ (σ¯νI)α + ν
′I
α − τˆαφI ,
δY ′I = v′F I +
i
2
(
(µσ¯ − µ′)λI
)
+N ′I +
i
2
(τˆ κI)− f ′φI ,
δY I = −vF I + i
2
(
(µ− µ′σ¯)λI
)
+N I − i
2
(τˆ σ¯κI)− fφI ,
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δB˜Im = −
v
e
gmnε
nl
(
∂lξ
I − i
2
(χlλ
I)
)
+ v′
(
∂mξ
I − i
2
(χmλ
I)
)
− i
2
(
(µσ¯ + µ′)σmλ
I
)
+
1
e
gmnε
nl
(
∂lu
I − i
2
(νIχl)
)
+ ∂mu
′I − i
2
(ν ′Iχm)− i
2
(τˆσmκ
I)− w˜mφI , (3.8)
δρIα = −
1
2
(
(vσ¯ − v′)σm∇ˆmλI
)
α
+
1
2
(
(Mσ¯ −M ′)λI
)
α
+
1
4
(
(vσ¯ − v′)σnσmχn + 2σm(σ¯µ+ µ′)
)
α
(
∂mξ
I − i
2
(χmλ
I)
)
+
1
4
(
(vσ¯ − v′)σmχm − 2(σ¯µ− µ′)
)
α
F I
−1
4
(
(∂mu
I σ¯ + ∂mu
′I)σnσmχn
)
α
+
1
2
(σ¯σm∇ˆmνI)α + 1
2
(σm∇ˆmν ′I)α
−1
4
(
(N I σ¯ +N ′I)σmχm
)
α
+
i
8
((
(νIχm)σ¯ + (ν
′Iχm)
)
σnσmχn
)
α
+
1
2
τˆαG
I − 1
2
(
(fσ¯ + f ′ + w˜mσ
m)κI
)
α
− ταφI ,
δH = −v′X ′ − i
2
(µ′ψˆ) + f ′,
δπα = −v′ψα − 1
2
v′(σm∇ˆmψˆ)α + 1
4
v′
(
σm(X ′ +Xσ¯ + A˜nσ
n)χm
)
α
−1
2
(
(3X ′ −Xσ¯ − A˜mσm)µ′
)
α
− 1
2
((
M ′ −
(
∂mv
′ − i
2
(µ′χm)
)
σm
)
ψˆ
)
α
+
1
2
(σm∇ˆmτˆ)α − 1
4
(
σm(fσ¯ + f ′ + w˜nσ
n)χm
)
α
+ τα,
δC˜ =
(
∂mv
′ − i
2
(µ′χm)
)(
A˜m − i
4
(ψˆσnσmχn)
)
−v′
(
eam∇ˆmA˜a − i
4
(χmσ
mχn)A˜
n − i
4
(χmσ
nσm∇ˆnψˆ) + i
2
(ψσmχm)
− i
2e
εmn(ψˆσ¯∇ˆmχn) + i
8
(χmσ
nσmχn)X
′
)
+2i(µ′ψ) +
i
2
(ψˆσm∇ˆmµ′) + i
2
(µ′σm∇ˆmψˆ)− i
4
(
µ′σm(X ′ +Xσ¯ + A˜nσ
n)χm
)
−2M ′
(
X ′ +
i
8
(ψˆσmχm)
)
− i
4
(χmσ
nσm∇ˆnτˆ )− i
2e
εmn(τˆ σ¯∇ˆmχn)
+
i
8
f ′(χmσ
nσmχn) + e
am∇ˆmw˜a − i
4
w˜m(χnσ
nχm) +
i
2
(τσmχm),
δφI = δκIα = δG
I = 0.
By using the trivial gauge degrees of freedom for the parameters µα(x), M
′(x), M(x),
ν ′Iα (x), ν
I
α(x), N
′I(x), N I(x), f ′(x) and τα(x) in the gauge transformations (3.8), we can
impose gauge fixing conditions∗
ψˆα = X
′ = X = κ¯Iα = ρˆ
I
α = Y
′I = Y I = H = πα = 0. (3.9)
∗As the U(1)V×U(1)A gauge symmetries are essential in our string models, we would like to keep these
symmetries without gauging away the field φ¯I(x).
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In order to compensate the Wess-Zumino gauge (B.17) in two-dimensional supergravity
within the gauge (3.9), the U(1)V×U(1)A gauge parameters should be field dependent.
From the gauge transformations (3.8) and the corresponding super-general coordinate,
super local Lorentz and super-Weyl transformations (B.30a) and (B.30b) for the fields
ψˆα(x), X
′(x), X(x), κ¯Iα(x), ρˆ
I
α(x), Y
′I(x), Y I(x), H(x) and πα(x), the gauge parameters
allowed within the Wess-Zumino gauge (B.17) and the gauge (3.9) take the following forms,
µα = −(σ¯µ′)α − (σ¯σmζ)αA˜m,
M ′ = −i(ζψ) + i
4
(ζσmσnχm)A˜n,
M = −i(ζσ¯ψ)− i
4
(ζσ¯σmσnχm)A˜n,
ν ′Iα = −(σmζ)α∂mφ¯I − ζαG¯I ,
νIα =
(
(v − v′σ¯)λI
)
α
− (σ¯ν ′I)α + (σ¯τˆ )αφI − (σ¯σmζ)αB˜Im,
N ′I = −v′F I − i
2
(τˆ κI) +
i
2
(ζσmλI)A˜m − i(ζρI) + i
4
(ζσmσnχm)B˜
I
n,
N I = vF I +
i
2
(τˆ σ¯κI) + fφI +
i
2
(ζσmσ¯λI)A˜m − i(ζσ¯ρI)− i
4
(ζσ¯σmσnχm)B˜
I
n,
f ′ = 0,
τα = v
′
(
ψ − 1
4
A˜mσ
nσmχn
)
α
− 1
2
(σmµ′)αA˜m − 1
2
(σm∇ˆmτˆ)α
+
1
4
(
σm(fσ¯ + w˜nσ
n)χm
)
α
− ζαC˜.
(3.10)
The classical action for the U(1)V×U(1)A superstring model (3.1) is then expressed by
S =
∫
d2xe
{
− 1
2
gmn∂mξ
I∂nξI − i
2
(λIσm∂mλI)
+
i
2
(λIσ
mσnχm)∂nξ
I − 1
16
(χmσ
nσmχn)(λ
IλI) +
1
2
F IFI
−gmn∂mφ¯I∂nφI + G¯IGI
+
(
A˜m∂mξ
I + i(ψλI)
)
φI + B˜
mI∂mφI + i(ρ
IκI)− 1
2
C˜φIφI
}
, (3.11)
where we redefine some of the fields as follows,
ψα − 1
4
A˜m(σ
nσmχn)α → ψα,
ρIα +
1
2
∂mφ¯
I(σnσmχn)α − 1
2
A˜m(σ
mλI)α − 1
4
B˜Im(σ
nσmχn)α → ρIα.
(3.12)
Under the field redefinitions (3.12), the gauge transformations within the Wess-Zumino
gauge (B.17) and the gauge (3.9) are given by
δξI = v′φI + kn∂nξ
I + i(ζλI),
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δλIα = v
′κIα + µ
′
αφ
I + kn∂nλ
I
α + (σ
mζ)α
(
∂mξ
I − i
2
(χmλ
I)
)
+ ζαF
I − 1
2
l(σ¯λI)α +
1
2
sλIα,
δF I = v′GI − i(µ′κI) + kn∂nF I − i(ζψ)φI − i
2
(ζσmσnχm)∂nξ
I
+i(ζσm∇mλI) + 1
8
(ζλI)(χmσ
nσmχn)− i
2
(ζσmχm)F
I + sF I ,
δA˜m =
1
e
εmn∂nv + g
mn∂nv
′ − i
2
(µ′σnσmχn)
+kn∂nA˜
m − ∂nkmA˜n + i(ζσmψ)− i(ζσnχn)A˜m + 2sA˜m,
δψα = −1
2
∂mv
′(σnσmχn)α + (σ
m∇mµ′)α − i
8
µ′α(χmσ
nσmχn)
+kn∂nψα + ζα∇mA˜m − i(ζσmχm)ψα − i
2
(ζσmψ)χmα − 1
2
l(σ¯ψ)α +
3
2
sψα,
δφI = kn∂nφ
I + i(ζκI),
δκIα = k
n∂nκ
I
α + (σ
mζ)α
(
∂mφ
I − i
2
(χmκ
I)
)
+ ζαG
I − 1
2
l(σ¯κI)α +
1
2
sκIα,
δGI = kn∂nG
I − i
2
(ζσmσnχm)∂nφ
I
+i(ζσm∇mκI) + 1
8
(ζκI)(χmσ
nσmχn)− i
2
(ζσmχm)G
I + sGI ,
δφ¯I = u′I + kn∂nφ¯
I , (3.13)
δG¯I = −v′F I − i
2
(τˆ κI) + kn∂nG¯
I − i(ζρI)− i
2
(ζσmχm)G¯
I + sG¯I ,
δB˜mI = −v
e
εmn∂nξ
I + v′gmn
(
∂nξ
I − i
2
(χlσnσ
lλI)
)
− i(µ′σmλI)
+
1
e
εmn∂nu
I + gmn∂nu
′I − i
2
(τˆσmκI)− w˜mφI + kn∂nB˜mI − ∂nkmB˜nI
+i(ζλI)A˜m − i(ζσmσnσlχn)∂lφ¯I + i
2
(ζσnσmχn)G¯
I
−i(ζσnχn)B˜mI + i(ζσmρI) + 2sB˜mI ,
δρIα = v
′
(
σm∇mλI − 1
2
∂mξ
Iσnσmχn − i
8
(χmσ
nσmχn)λ
I − φIψ − 1
2
A˜mσmκ
I
)
α
+ µ′αF
I
+
1
2
(
(GI − ∂mφIσm)τˆ
)
α
− i
4
(τˆσmσnχm)(σnκ
I)α − 1
2
f(σ¯κI)α − 1
2
w˜m(σmκ
I)α
+kn∂nρ
I
α − ζα
(
gmn∇m∂nφI + A˜m∂mξI + i(ψλI)−∇mB˜mI − C˜φI
)
−(σm∇mζ)αG¯I − (σmζ)α∂mG¯I + i
8
ζα(χmσ
nσmχn)G¯
I
−i(ζσmχm)ρIα −
i
2
(ζσmρI)χmα − 1
2
l(σ¯ρI)α +
3
2
sρIα,
δC˜ = ∂mv
′A˜m − v′∇mA˜m + 2i(µ′ψ) +∇mw˜m + kn∂nC˜ − i(ζσmχm)C˜ + 2sC˜,
where we use the covariant derivative ∇m for the torsion free connection ωm(x) defined via
(A.12), (A.13), (A.16) and (A.20) and we also redefine the gauge parameter w˜m(x) as
w˜m − i
2e
εmn(τˆ σ¯χn)→ w˜m. (3.14)
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Let us consider the reducible symmetry. By introducing the reducible parameter W ′(z)
as
W ′ = w′ + i(θwˇ′) +
i
2
(θθ)w¯′, (3.15)
the reducible transformations (3.4) are expressed in terms of the component fields
δ′uI = w′φI ,
δ′τˆα = (σ¯wˇ
′)α,
δ′f = w¯′,
δ′w˜m =
1
e
εmn∂nw
′,
(3.16)
where we use the redefinition of the gauge parameter (3.14). One can easily check the
reducible transformation (3.4) is also consistent with the Wess-Zumino gauge.
Now we are going to an on-shell formulation of the model by eliminating the “auxiliary”
fields F I(x), GI(x), G¯I(x), κIα(x) and ρ
I
α(x). All of the gauge transformations for these
auxiliary fields are proportional to the equations of motion, so that we can eliminate these
fields within the on-shell formulation. Then, the action (3.11) becomes the following form,
S =
∫
d2xe
{
− 1
2
gmn∂mξ
I∂nξI − i
2
(λIσm∂mλI)
+
i
2
(λIσ
mσnχm)∂nξ
I − 1
16
(χmσ
nσmχn)(λ
IλI)
−gmn∂mφ¯I∂nφI +
(
A˜m∂mξ
I + i(ψλI)
)
φI + B˜
mI∂mφI − 1
2
C˜φIφI
}
, (3.17)
and the gauge transformations are given by
δξI = v′φI + kn∂nξ
I + i(ζλI),
δλIα = µ
′
αφ
I + kn∂nλ
I
α + (σ
mζ)α
(
∂mξ
I − i
2
(χmλ
I)
)
− 1
2
l(σ¯λI)α +
1
2
sλIα,
δA˜m =
1
e
εmn∂nv + g
mn∂nv
′ − i
2
(µ′σnσmχn)
+kn∂nA˜
m − ∂nkmA˜n + i(ζσmψ)− i(ζσnχn)A˜m + 2sA˜m,
δψα = −1
2
∂mv
′(σnσmχn)α + (σ
m∇mµ′)α − i
8
µ′α(χmσ
nσmχn)
+kn∂nψα + ζα∇mA˜m − i(ζσmχm)ψα − i
2
(ζσmψ)χmα − 1
2
l(σ¯ψ)α +
3
2
sψα,
δφI = kn∂nφ
I ,
δφ¯I = u′I + kn∂nφ¯
I , (3.18)
δB˜mI = −v
e
εmn∂nξ
I + v′gmn
(
∂nξ
I − i
2
(χlσnσ
lλI)
)
− i(µ′σmλI)
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+
1
e
εmn∂nu
I + gmn∂nu
′I − w˜mφI + kn∂nB˜mI − ∂nkmB˜nI
+i(ζλI)A˜m − i(ζσmσnσlχn)∂lφ¯I − i(ζσnχn)B˜mI + 2sB˜mI ,
δC˜ = ∂mv
′A˜m − v′∇mA˜m + 2i(µ′ψ) +∇mw˜m + kn∂nC˜ − i(ζσmχm)C˜ + 2sC˜,
δem
a = kn∂nem
a + ∂mk
nen
a + i(ζσaχm) + lem
bεb
a − sema,
δχmα = k
n∂nχmα + ∂mk
nχnα + 2(∇mζ)α − i
2
(χmσ¯σ
lχl)(σ¯ζ)α
−1
2
l(σ¯χm)α − 1
2
sχmα − (σmsˇ)α.
Since the gauge parameters τˆα(x) and f(x) disappear from the gauge transformation (3.18),
the reducible transformations with which we would like to work are
δ′uI = w′φI ,
δ′w˜m =
1
e
εmn∂nw
′.
(3.19)
In addition to the gauge symmetry, the action (3.17) is also invariant under the following
global transformations,
δξI = ωIJξ
J + aI ,
δλIα = ω
I
Jλ
J
α,
δA˜m = rA˜m +
2g∑
i=1
αih
(i)m,
δψα = rψα,
δφI = −rφI + ωIJφJ , (3.20)
δφ¯I = rφ¯I + ωIJ φ¯
J ,
δB˜mI = rB˜mI + ωIJB˜
mJ +
2g∑
i=1
(βIi + αiξ
I)h(i)m,
δC˜ = 2rC˜,
δem
a = δχmα = 0.
We take the classical action (3.17), the gauge transformation (3.18) and the reducibility
condition (3.19) as the starting point for the quantization we will discuss in this paper.
The superpartners of the fields φI(x), B˜mI(x) and C˜(x) in the generalized Chern-Simons
action disappear in the action (3.17), since the supersymmetry transformations of these
fields are trivial.
Before getting into the quantization of the model, it is worth to mention semiclassical
aspects of the action (3.17), by eliminating gauge fields through their equations of motion.
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Indeed, this manipulation might be helpful to understand the heart of the model. The field
φ¯I(x) can be gauged away by using the gauge degree of freedom for the parameter u′I(x).
Equations of motion for the fields B˜mI(x) and C˜(x) give gauge constraints
∂mφ
I = 0,
φIφI = 0.
(3.21)
It is possible to find nontrivial solutions for these constraints if the background spacetime
metric includes two time-like signatures. In the light-cone notation†, one of the interesting
solutions which is naturally related with the usual superstring action is φ−ˆ(x) = φµ(x) = 0
and φ+ˆ(x) = const.. After substituting this solution into the action (3.17), the action
becomes
S =
∫
d2xe
{
− 1
2
gmn∂mξ
I∂nξI − i
2
(λIσm∂mλI)
+
i
2
(λIσ
mσnχm)∂nξ
I − 1
16
(χmσ
nσmχn)(λ
IλI)
−
(
A˜m∂mξ
−ˆ + i(ψλ−ˆ)
)
φ+ˆ
}
. (3.22)
In the action (3.22), relations ∂mξ
−ˆ(x) = 0 and λ−ˆα (x) = 0 are given by the equation of
motion for A˜m(x) and ψα(x), respectively. Then, the final form of the action becomes the
usual NSR superstring action
S =
∫
d2xe
{
− 1
2
gmn∂mξ
µ∂nξµ − i
2
(λµσm∂mλµ)
+
i
2
(λµσ
mσnχm)∂nξ
µ − 1
16
(χmσ
nσmχn)(λ
µλµ)
}
. (3.23)
Thus, the superstring action (3.23) is regarded as a gauge-fixed version of the action
(3.17). The scalar field φI(x) plays an important role for the covariant formulation of
the U(1)V×U(1)A superstring model in the background spacetime which involves two time
coordinates. From this manipulation it is suggested that the critical dimension of the back-
ground spacetime is defined as D − 3 = 9, i.e. D = 12. However, the dimension D should
be determined in the quantum analysis as we will investigate in this paper. We would also
like to emphasize that the quantization will be carried out with preserving D-dimensional
covariance.
†We use a convention of the light-cone coordinates for the background spacetime as xI = (xµ, x+ˆ, x−ˆ)
where x±ˆ = 1√
2
(x0ˆ ± x1ˆ) and the index µ runs through 0, 1, . . . , D − 3.
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4 Covariant quantization in the Lagrangian formula-
tion
In this section we consider the covariant quantization of the action. As we explained in the
previous section, the action has first-stage reducible and open gauge symmetries. In order
to quantize the action we adopt the field-antifield formulation a´ la Batalin-Vilkovisky [21].
In the construction of Batalin-Vilkovisky formulation [26,27], ghost and ghost for ghost
fields according to the reducibility condition and corresponding each antifields are intro-
duced. The Grassmann parities of the antifields are opposite to those of the corresponding
fields. If a field has ghost number n, its antifield has ghost number −n − 1. We denote a
set of fields and their antifields
ΦA(x) =
(
ϕi(x), Ca00 (x), Ca11 (x), . . . , CaNN (x)
)
,
Φ∗A(x) =
(
ϕ∗i (x), C∗0,a0(x), C∗1,a1(x), . . . , C∗N,aN (x)
)
,
respectively. The fields ϕi(x) are classical fields, on the other hand, the fields Cann (x) [n = 0,
1, . . ., N ] are ghost and ghost for ghost fields corresponding to N -th reducible conditions.
The classical fields ϕi(x) and the ghost fields Cann (x) have the ghost number 0 and n + 1,
respectively. Then a minimal action Smin(Φ,Φ
∗) is defined by solving the following master
equation, (
Smin(Φ,Φ
∗), Smin(Φ,Φ
∗)
)
= 0, (4.1)
with the boundary conditions
Smin(Φ,Φ
∗)
∣∣∣∣
Φ∗=0
= Sclassical(ϕ), (4.2a)
δLδRSmin(Φ,Φ
∗)
δCann δC∗n−1,an−1
∣∣∣∣
Φ∗=0
= Ran−1n,an (Φ), (n = 0, 1, . . . , N). (4.2b)
Here the antibracket is defined by
(X, Y ) ≡ δRX
δΦ∗A
δLY
δΦA
− δRX
δΦA
δLY
δΦ∗A
. (4.3)
In this notation, C∗−1,a−1(x) ≡ ϕ∗i (x) are the antifields of the classical fields ϕi(x). The
terms R
a−1
0,a0(Φ) and R
an−1
n,an (Φ) represent the gauge transformations and the n-th reducibility
transformations, respectively. The master equation is solved order by order with respect
to the ghost number. The BRST transformations of fields and antifields are given by
sΦA =
(
Smin,Φ
A
)
, sΦ∗A =
(
Smin,Φ
∗
A
)
. (4.4)
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Eqs. (4.1) and (4.4) assure that the BRST transformation is nilpotent and the minimal
action is invariant under the BRST transformation∗.
Now we apply the Batalin-Vilkovisky formulation to the quantization of our model.
First of all, we take the action (3.17) as the classical action Sclassical. The algebra of the
gauge transformations (3.18) is given by
[ δ(v1), δ(v
′
2) ] = δ
(
w˜m ≡ −ε
mn
e
v1∂nv
′
2
)
,
[ δ(v1), δ(k2) ] = δ
(
v ≡ kn2∂nv1
)
,
[ δ(v1), δ(ζ2) ] = δ
(
uI ≡ iv1(ζ2λI)
)
,
[ δ(v′1), δ(v
′
2) ] = δ
(
w˜m ≡ v′1gmn∂nv′2 − v′2gmn∂nv′1
)
,
[ δ(v′1), δ(µ
′
2) ] = δ
(
w˜m ≡ − i
2
v′1(µ
′
2σ
lσmχl)
)
,
[ δ(v′1), δ(k2) ] = δ
(
v′ ≡ kn2∂nv′1
)
,
[ δ(v′1), δ(ζ2) ] = δ
(
µ′α ≡ (σmζ2)α∂mv′1
)
+ δ
(
uI ≡ −iv′1(ζ2σ¯λI)
)
+ δ
(
w˜m ≡ iv′1(ζ2σmψ)
)
,
[ δ(µ′1), δ(µ
′
2) ] = δ
(
w˜m ≡ −2i(µ′1σmµ′2)
)
,
[ δ(µ′1), δ(k2) ] = δ
(
µ′α ≡ kn2∂nµ′1α
)
,
[ δ(µ
′
1), δ(ζ2) ] = δ
(
v ≡ i(µ′1σ¯ζ2)
)
+ δ
(
v′ ≡ i(µ′1ζ2)
)
+δ
(
µ′α ≡ −
i
2
(σmζ2)α(µ
′
1χm)
)
+ δ
(
w˜m ≡ −i(µ′1ζ2)A˜m
)
,
[ δ(µ′1), δ(l2) ] = δ
(
µ′α ≡ −
1
2
(σ¯µ′1)αl2
)
,
[ δ(µ1), δ(s2) ] = δ
(
µ′α ≡
1
2
µ′1αs2
)
,
[ δ(uI1), δ(k2) ] = δ
(
uI ≡ kn2 ∂nuI1
)
,
[ δ(u′I1 ), δ(k2) ] = δ
(
u′I ≡ kn2∂nu′I1
)
,
[ δ(w˜1), δ(k2) ] = δ
(
w˜m ≡ kn2∂nw˜m1 − ∂nkm2 w˜n1
)
,
[ δ(w˜1), δ(ζ2) ] = δ
(
w˜m ≡ −iw˜m1 (ζ2σnχn)
)
,
[ δ(w˜1), δ(s2) ] = δ
(
w˜m ≡ 2w˜m1 s2
)
, (4.5)
[ δ(k1), δ(k2) ] = δ
(
kn ≡ kl2∂lkn1 − kl1∂lkn2
)
,
[ δ(k1), δ(ζ2) ] = δ
(
ζα ≡ −kn1 ∂nζ2α
)
,
[ δ(k1), δ(l2) ] = δ
(
l ≡ −kn1 ∂nl2
)
,
[ δ(k1), δ(s2) ] = δ
(
s ≡ −kn1 ∂ns2
)
,
∗Our convention for the Leipnitz rule of the BRST operation is given by s(XY ) = (sX)Y+(−)|X|X(sY ),
where |X | is a Grassmann parity of the field X .
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[ δ(k1), δ(sˇ2) ] = δ(sˇα ≡ −kn1∂nsˇ2α
)
,
[ δ(ζ1), δ(ζ2) ] = δ
(
v ≡ 2ieεmn(ζ1σmζ2)A˜n
)
+ δ
(
µ′α ≡ i(ζ1σmζ2)(σmψ)α + i(ζ1σ¯ζ2)(σ¯ψ)α
)
+δ
(
uI ≡ 2ieεmn(ζ1σmζ2)B˜nI − 2iε
mn
e
(ζ1σmζ2)∂nφ¯
I
)
+δ
(
u′I ≡ 2i(ζ1σmζ2)∂mφ¯I
)
+ δ
(
w˜m ≡ 2i(ζ1σmζ2)C˜
)
+δ
(
kn ≡ −2i(ζ1σnζ2)
)
+ δ
(
ζα ≡ i(ζ1σmζ2)χmα
)
+δ
(
l ≡ 2i(ζ1σmζ2)
(
ωm − i
2
(χmσ¯σ
nχn)
))
+δ
(
sˇα ≡ i
((
(ζ1σ
nζ2)σn + (ζ1σ¯ζ2)σ¯
)
σ¯
εpq
e
(
∇pχq − i
4
(χpσ¯σ
lχl)σ¯χq
))
α
)
,
[ δ(ζ1), δ(l2) ] = δ
(
ζα ≡ −1
2
(σ¯ζ1)αl2
)
,
[ δ(ζ1), δ(s2) ] = δ
(
ζα ≡ −1
2
ζ1αs2
)
+ δ
(
sˇα ≡ −(σmζ1)α∂ms2
)
,
[ δ(ζ1), δ(sˇ2) ] = δ
(
l ≡ i(ζ1σ¯sˇ2)
)
+ δ
(
s ≡ −i(ζ1sˇ2)
)
+ δ
(
sˇα ≡ i
2
(σmζ1)α(χmsˇ2)
)
,
[ δ(l1), δ(sˇ2) ] = δ
(
sˇα ≡ 1
2
(σ¯sˇ2)αl1
)
,
[ δ(s1), δ(sˇ2) ] = δ
(
sˇα ≡ −1
2
sˇ2αs1
)
,
(others) = 0.
In the above gauge algebra, some commutation relations are closed within on-shell,
[ δ(v1), δ(v
′
2) ]B˜
mI = δ(w˜)B˜mI + v1v
′
2
εmn
e2
δS
δB˜nI
,
[ δ(v′1), δ(ζ2) ]λ
I
α = δ(µ
′)λIα + (σ
mζ2)αv
′
1
1
e
δS
δB˜mI
,
[ δ(v′1), δ(ζ2) ]B˜
mI = δ(µ′)B˜mI + δ(uI)B˜mI + δ(w˜)B˜mI + v′1
(
ζ2σ
m1
e
δLS
δλI
)
,
[ δ(ζ1), δ(ζ2) ]λ
I
α = δ(µ
′)λIα + δ(k)λ
I
α + δ(ζ)λ
I
α + δ(l)λ
I
α
−(ζ1σmζ2)
(
σm
1
e
δLS
δλI
)
α
− (ζ1σ¯ζ2)
(
σ¯
1
e
δLS
δλI
)
α
,
[ δ(ζ1), δ(ζ2) ]φ
I = δ(k)φI + 2i(ζ1σ
mζ2)
1
e
δS
δB˜mI
,
[ δ(ζ1), δ(ζ2) ]B˜
mI = δ(v)B˜mI + δ(µ′)B˜mI + δ(uI)B˜mI + δ(u′I)B˜mI + δ(w˜)B˜mI
+δ(k)B˜mI + δ(ζ)B˜mI − 2i(ζ1σmζ2)1
e
δS
δφI
.
We are now ready to quantize the model in the Batalin-Vilkovisky formulation.
The classical fields ϕi(x) consist of ξI(x), λIα(x), A˜
m(x), ψα(x), φ
I(x), φ¯I(x), B˜mI(x),
C˜(x), em
a(x) and χmα(x). Here we introduce ghost fields a(x), a
′(x), α′α(x), b
I(x), b′I(x),
c˜m(x), dm(x), γα(x), cL(x), cW (x) and cˇSα(x) corresponding to the gauge parameters v(x),
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v′(x), µ′α(x), u
I(x), u′I(x), w˜m(x), km(x), ζα(x), l(x), s(x) and sˇα(x) and a ghost for ghost
field f(x) to the reducible parameter w′(x). The ghost fields a(x), a′(x), bI(x), b′I(x), c˜m(x),
dm(x), cL(x) and cW (x) are fermionic, whereas the ghost fields α
′
α(x), γα(x) and cˇSα(x)
and the ghost for ghost field f(x) are bosonic. Since the U(1)V×U(1)A superstring model is
a first-stage reducible system, the boundary conditions (4.2b) with n = 0, 1 correspond to
the gauge transformations (3.18) and the reducibility conditions (3.19), respectively. Then,
we can solve the master equation perturbatively in the order of antifields,
Smin = Sclassical
+
∫
d2x
{
− ξ∗I
(
a′φI + dn∂nξ
I + i(γλI)
)
+(λ∗Iα
′)φI + dn(λ∗I∂nλ
I) + (λ∗Iσ
mγ)
(
∂mξ
I − i
2
(χmλ
I)
)
−1
2
cL(λ
∗
I σ¯λ
I) +
1
2
cW (λ
∗
Iλ
I)− 1
e
(λ∗Iσ
mγ)a′B˜∗Im
+
1
4e
(λ∗Iσ
mλ∗I)(γσmγ) +
1
4e
(λ∗I σ¯λ
∗I)(γσ¯γ)
−A˜∗m
(εmn
e
∂na + g
mn∂na
′ − i
2
(α′σnσmχn) + d
n∂nA˜
m − ∂ndmA˜n
+i(γσmψ)− i(γσnχn)A˜m + 2cW A˜m
)
−1
2
∂ma
′(ψ∗σnσmχn) + (ψ
∗σm∇mα′)− i
8
(ψ∗α′)(χmσ
nσmχn)
+dn(ψ∗∂nψ) + (ψ
∗γ)∇mA˜m − i(γσmχm)(ψ∗ψ)− i
2
(γσmψ)(ψ∗χm)
−1
2
cL(ψ
∗σ¯ψ) +
3
2
cW (ψ
∗ψ)
−φ∗I
(
dn∂nφ
I − i
e
(γσmγ)B˜∗Im
)
− φ¯∗I
(
b′I + dn∂nφ¯
I
)
−B˜∗mI
(
− a
e
εmn∂nξ
I + a′gmn
(
∂nξ
I − i
2
(χlσnσ
lλI)
)
− i(α′σmλI)
+
1
e
εmn∂nb
I + gmn∂nb
′I − c˜mφI + dn∂nB˜mI − ∂ndmB˜nI
+i(γλI)A˜m − i(γσmσnσlχn)∂lφ¯I − i(γσnχn)B˜mI + 2cW B˜mI
+
1
2e2
aa′εmnB˜∗In −
1
e
a(γσmλ∗I) +
i
e
(γσmγ)φ∗I +
1
2e2
εmnB˜∗In f
)
−C˜∗
(
∂ma
′A˜m − a′∇mA˜m + 2i(α′ψ) +∇mc˜m + dn∂nC˜
−i(γσmχm)C˜ + 2cW C˜
)
−e∗am
(
dn∂nem
a + ∂md
nen
a + i(γσaχm) + cLem
bεb
a − cW ema
)
+dn(χ∗m∂nχm) + ∂md
n(χ∗mχn) + 2(χ
∗m∇mγ)− i
2
(χmσ¯σ
lχl)(χ
∗mσ¯γ)
−1
2
cL(χ
∗mσ¯χm)− 1
2
cW (χ
∗mχm)− (χ∗mσmcˇS)
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+a∗
(
dn∂na + i(γσ¯α
′) + ieεmn(γσ
mγ)A˜n
)
+ a′∗
(
dn∂na
′ − i(γα′)
)
+dn(α′∗∂nα
′) + (α′∗σmγ)∂ma
′ − i
2
(α′∗σmγ)(α′χm)
− i
2
(γσmγ)(α′∗σmψ)− i
2
(γσ¯γ)(α′∗σ¯ψ)− 1
2
cL(α
′∗σ¯α′) +
1
2
cW (α
′∗α′)
+b∗I
(
dn∂nb
I + i(γλI)a− i(γσ¯λI)a′ + ieεmn(γσmγ)B˜nI
−iε
mn
e
(γσmγ)∂nφ¯
I + φIf
)
+b′∗I
(
dn∂nb
′I + i(γσmγ)∂mφ¯
I
)
+c˜∗m
(εmn
e
a∂na
′ − gmna′∂na′ − i
2
(α′σnσmχn)a
′ − i(α′σmα′)
+dn∂nc˜
m − ∂ndmc˜n + i(γσmψ)a′ + i(γα′)A˜m − i(γσnχn)c˜m
+i(γσmγ)C˜ + 2cW c˜
m +
εmn
e
∂nf
)
+d∗m
(
dn∂nd
m − i(γσmγ)
)
+dn(γ∗∂nγ)− i
2
(γσmγ)(γ∗χm)− 1
2
cL(γ
∗σ¯γ)− 1
2
cW (γ
∗γ)
+c∗L
(
dn∂ncL + i(γσ
mγ)
(
ωm − i
2
(χmσ¯σ
nχn)
)
+ i(cˇSσ¯γ)
)
+c∗W
(
dn∂ncW + i(cˇSγ)
)
+dn(cˇ∗S∂ncˇS)−
i
2
(γσmγ)
(
cˇ∗Sσmσ¯
εpq
e
(
∇pχq − i
4
(χpσ¯σ
lχl)σ¯χq
))
− i
2
(γσ¯γ)
(
cˇ∗S
εpq
e
(
∇pχq − i
4
(χpσ¯σ
lχl)σ¯χq
))
− ∂mcW (cˇ∗Sσmγ)
− i
2
(cˇSχm)(cˇ
∗
Sσ
mγ) +
1
2
(cˇ∗Sσ¯cˇS)cL −
1
2
(cˇ∗S cˇS)cW
−f ∗
(
dn∂nf − i(γα′)a+ i(γσ¯α′)a′ + ieεmn(γσmγ)c˜n
)}
. (4.6)
The gauge degrees of freedom are fixed by introducing a nonminimal action which must
be added to the minimal one and choosing a suitable gauge-fixing fermion. By using the
gauge parameters for the general coordinate, Weyl, local supersymmetry and super-Weyl
transformations, we here choose super-orthonormal gauge conditions em
a(x) = δm
a for the
zweibein field and χmα(x) = 0 for the gravitino field. In the same way for the bosonic
model [16], the U(1)V×U(1)A gauge parameters
(
v(x), v′(x), αi
)
,
(
uI(x), u′I(x), βIi
)
and
w˜m allow to choose gauges A˜m(x) = B˜mI(x) = 0 and C˜(x) = C˜0, where C˜0 is a constant
parameter. We also impose a gauge condition ∂m
(
egmneεnkc˜
k(x)
)
= 0 to fix the residual
gauge degrees of freedom from the reducibility condition. In addition to these, we fix a
gauge ψα(x) = 0 by using the gauge parameter µ
′
α(x) in this supersymmetric model. In
order to adopt all of these gauge fixing conditions, we introduce the nonminimal action
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Snonmin,
Snonmin =
∫
d2x
{
εmnaˆ∗mZ
(a)
n + ε
mnbˆ∗ImZ
(b)
nI + c
∗Z(c) − (α¯∗Zˇ(α))
+d¯∗m
aZma − (β∗mZˇm)− f¯ ∗c′
}
, (4.7)
and the gauge-fixing fermion Ψ,
Ψ =
∫
d2x
{
eεmnaˆ
mA˜n + eεmnbˆ
m
I B˜
nI + ec(C˜ − C˜0) + ie(α¯ψ)
−ed¯ma(ema − δma) + e
2
(βmχm) + f¯∂m(eg
mneεnkc˜
k)
}
. (4.8)
The antighost fields aˆm(x), bˆmI (x), c(x), d¯
m
a(x) and c
′(x) are fermionic, while α¯α(x) and
βmα(x) are bosonic. The auxiliary fields Z
(a)
m (x), Z
(b)
mI(x), Z
(c)(x), Zma(x) and f¯(x) are
bosonic, whereas Zˇ(α)α (x) and Zˇ
m
α(x) are fermionic
†.
The BRST transformations of the field ΦA(x) and the antifields Φ∗A(x) are now given
by
sΦA =
(
Smin + Snonmin,Φ
A
)
, sΦ∗A =
(
Smin + Snonmin,Φ
∗
A
)
. (4.9)
Then, the BRST transformations of the fields ΦA(x) are
sξI = a′φI + dn∂nξ
I + i(γλI),
sλIα = α
′
αφ
I + dn∂nλ
I
α + (σ
mγ)α
(
∂mξ
I − i
2
(χmλ
I)
)
− 1
2
cL(σ¯λ
I)α +
1
2
cWλ
I
α
−1
e
(σmγ)αa
′B˜∗Im +
1
2e
(σmλ∗I)α(γσmγ) +
1
2e
(σ¯λ∗I)α(γσ¯γ),
sA˜m =
εmn
e
∂na + g
mn∂na
′ − i
2
(α′σnσmχn)
+dn∂nA˜
m − ∂ndmA˜n + i(γσmψ)− i(γσnχn)A˜m + 2cW A˜m,
sψα = −1
2
∂ma
′(σnσmχn)α + (σ
m∇mα′)α − i
8
α′α(χmσ
nσmχn)
+dn∂nψα + γα∇mA˜m − i(γσmχm)ψα − i
2
(γσmψ)χmα − 1
2
cL(σ¯ψ)α +
3
2
cWψα,
sφI = dn∂nφ
I − i
e
(γσmγ)B˜∗Im ,
sφ¯I = b′I + dn∂nφ¯
I ,
sB˜mI = −a
e
εmn∂nξ
I + a′gmn
(
∂nξ
I − i
2
(χlσnσ
lλI)
)
− i(α′σmλI)
+
1
e
εmn∂nb
I + gmn∂nb
′I − c˜mφI + dn∂nB˜mI − ∂ndmB˜nI
†The auxiliary fields Z(a)m (x), Z
(b)
mI(x) and Z
(c)(x) are equivalent to Zam(x), Z
b
mI(x) and Z
c(x) in our
previous paper [16], respectively. In order to avoid confusing the attached indices a, b and c for Zam(x),
ZbmI(x) and Z
c(x) with local Lorentz indices, we have changed the notations.
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+i(γλI)A˜m − i(γσmσnσlχn)∂lφ¯I − i(γσnχn)B˜mI + 2cW B˜mI
+
1
e2
aa′εmnB˜∗In −
1
e
a(γσmλ∗I) +
i
e
(γσmγ)φ∗I +
1
e2
εmnB˜∗In f,
sC˜ = ∂ma
′A˜m − a′∇mA˜m + 2i(α′ψ) +∇mc˜m + dn∂nC˜ − i(γσmχm)C˜ + 2cW C˜,
sem
a = dn∂nem
a + ∂md
nen
a + i(γσaχm) + cLem
bεb
a − cWema, (4.10a)
sχmα = d
n∂nχmα + ∂md
nχnα + 2(∇mγ)α − i
2
(χmσ¯σ
lχl)(σ¯γ)α
−1
2
cL(σ¯χm)α − 1
2
cWχmα − (σmcˇS)α,
sa = dn∂na+ i(γσ¯α
′) + ieεmn(γσ
mγ)A˜n,
sa′ = dn∂na
′ − i(γα′),
sα′α = d
n∂nα
′
α − (σmγ)α∂ma′ +
i
2
(σmγ)α(α
′χm) +
i
2
(γσmγ)(σmψ)α +
i
2
(γσ¯γ)(σ¯ψ)α
−1
2
cL(σ¯α
′)α +
1
2
cWα
′
α,
sbI = dn∂nb
I + i(γλI)a− i(γσ¯λI)a′ + ieεmn(γσmγ)B˜nI − iε
mn
e
(γσmγ)∂nφ¯
I + φIf,
sb′I = dn∂nb
′I + i(γσmγ)∂mφ¯
I ,
sc˜m =
εmn
e
a∂na
′ − gmna′∂na′ − i
2
(α′σnσmχn)a
′ − i(α′σmα′) + dn∂nc˜m − ∂ndmc˜n
+i(γσmψ)a′ + i(γα′)A˜m − i(γσnχn)c˜m + i(γσmγ)C˜ + 2cW c˜m + ε
mn
e
∂nf,
sdm = dn∂nd
m − i(γσmγ),
sγα = d
n∂nγα +
i
2
(γσmγ)χmα − 1
2
cL(σ¯γ)α − 1
2
cWγα,
scL = d
n∂ncL + i(γσ
mγ)
(
ωm − i
2
(χmσ¯σ
nχn)
)
+ i(cˇSσ¯γ),
scW = d
n∂ncW + i(cˇSγ),
scˇSα = d
n∂ncˇSα +
i
2
((
(γσmγ)σm + (γσ¯γ)σ¯
)
σ¯
εpq
e
(
∇pχq − i
4
(χpσ¯σ
lχl)σ¯χq
))
α
−∂mcW (σmγ)α − i
2
(cˇSχm)(σ
mγ)α − 1
2
(σ¯cˇS)αcL +
1
2
cˇSαcW ,
sf = dn∂nf − i(γα′)a+ i(γσ¯α′)a′ + ieεmn(γσmγ)c˜n,
and
saˆm = εmnZ(a)n , sZ
(a)
m = 0,
sbˆmI = ε
mnZ
(b)
nI , sZ
(b)
mI = 0,
sc = Z(c), sZ(c) = 0,
sα¯α = Zˇ
(α)
α , sZˇ
(α)
α = 0, (4.10b)
sf¯ = c′, sc′ = 0,
sd¯ma = Z
m
a, sZ
m
a = 0,
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sβmα = Zˇ
m
α, sZˇ
m
α = 0.
Now, let us construct a gauge-fixed action. The antifields are eliminated by using the
gauge-fixing fermion (4.8) via equations Φ∗A(x) = δLΨ/δΦ
A(x). In order to specify the
physical degrees of freedom of the two-dimensional supergravity sector, it might be useful
to decompose the antighost fields d¯ma(x) and β
m
α(x) as follows,
d¯ma = e
n
ad¯
m
n +
εmn
e
enac¯L + e
m
ac¯W , (4.11a)
βmα = β¯
m
α + (σ
mβ)α, (4.11b)
where we define
d¯mn ≡ 1
2
(
d¯maen
a + d¯lae
magln − δmnd¯laela
)
,
c¯L ≡ 1
2
εabd¯maemb,
c¯W ≡ 1
2
d¯maem
a,
β¯mα ≡ 1
2
(σnσ
mβn)α,
βα ≡ 1
2
(σmβ
m)α.
The field d¯mn(x) is symmetric ε
n
md¯
m
n(x) = 0 and traceless δ
n
md¯
m
n(x) = 0, and the field
β¯mα(x) is σ-traceless (σm)α
ββ¯mβ(x) = 0. Then, the gauge-fixed action is given by
Sgauge−fixed = Smin + Snonmin
∣∣∣
Φ∗= δΨ
δΦ
=
∫
d2x
{
− 1
2
egmn∂mξ
I∂nξI − i
2
e(λIσm∂mλI)− egmn∂mφ¯I∂nφI
− aˆm
(
∂ma+ eεmkg
kn∂na
′
)
− bˆmI
(
∂mb
I + eεmkg
kn∂nb
′I
)
− cˆm
(
∂mc + eεmkg
kn∂nc
′
)
+ ie(α¯σm∂mα
′)− egmn∂mf¯∂nf
+ ed¯mn∂md
n + e(β¯m∂mγ)
− 2abˆmI ∂mξI + εmnbˆmI cˆnφI
+
1
2
(f + aa′)εmnbˆ
m
I bˆ
nI + ieεmnbˆ
m
I (α
′σnλI)
− eA˜mZ(a)m − eB˜mIZ(b)mI + eC˜Z(c) + ie(ψZˇ(α))
− 2ec¯LcL − 2ec¯W cW − e(βcˇS)
− e(ema − δma)Zma + e
2
(χmZˇ
m)
}
, (4.12)
where we redefine some of the fields as follows,
Z(a)m − φI(∂mξI)− εmndk∂kaˆn − ∂mdkεknaˆn + c∂ma′ + ∂m(ca′)
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−ieεmkgkn∂nf¯(γα′)− iεmnbˆnI (γλI) + i∂m(α¯γ)→ Z(a)m ,
Z
(b)
mI − ∂mφI − εmndk∂k bˆnI − ∂mdkεknbˆnI → Z(b)mI ,
Z(c) − 1
2
φIφI − dn∂nc+ ieεmkgkn∂nf¯(γσmγ)→ Z(c),
Zˇ(α)α + φIλ
I
α − dn∂nα¯α − 2cα′α + eεmkgkn∂nf¯a′(σmγ)α − εmnaˆn(σmγ)α
−1
4
∂md
n(σmσnα¯)α − i
2
(α¯χm)(σ
mγ)α
+
1
2
(
cL − 1
2
εmk
e
gkn∂md
n
)
(σ¯α¯)α − 1
2
(
cW − 1
2
∂nd
n
)
α¯α → Zˇ(α)α ,
Zma − i
2
εmn
e
∂n
(
ea
k
(
α′σkσ¯(α¯− 2f¯ σ¯α′)
))
+ ∂n(d¯
m
ad
n)− id¯ma(γσnχn)
+2d¯ma
(
cW − 1
2
∂nd
n
)
− 1
2
εmn
e
∂n
(
ela(β
lσ¯γ)
)
→ Zma,
Zˇmα + i(σ
nσmλI)α∂nξ
I − 1
8
(σnσmχn)α(λ
IλI) + ia
′εnk bˆ
k
I (σ
nσmλI)α
+2iεnkbˆ
k
I∂lφ¯
I(σlσmσnγ)α + ieεnkg
kl∂lf¯a
′(σnσmα′)α + 2iεnkg
kl∂lf¯ cˆ
n(σmγ)α
−2iεnkgkm∂lf¯ cˆn(σlγ)α + 2iεnkgml∂lf¯ cˆk(σnγ)α − iεnkaˆk(σnσmα′)α
−i∂na′(σnσmα¯)α + 1
4
(α¯α′)(σnσmχn)α − 2i(σaγ)αd¯ma − dn∂nβmα
+∂nd
mβnα + i(γσ
nχn)β
m
α − i
2
(σ¯σlχl)α(β
mσ¯γ) +
1
2
(σ¯βm)αcL − 5
2
βmαcW → Zˇmα,
aˆm − εmn∂n(f¯a) + ef¯gmn∂na′ − bˆmI ξI → aˆm,
bI + aξI → bI ,
b′I + a′ξI → b′I ,
c′ − dn∂nf¯ → c′,
α¯α − 2f¯(σ¯α′)α → α¯α,
cL − 1
2
εmn
e
gnl∂md
l → cL,
cW − 1
2
∂md
m → cW ,
cˇSα − (σm∂mγ)α → cˇSα,
and we denote cˆm(x) ≡ ec˜m(x). It should be noted that we remove a BRST exact term
−eC˜0
(
Z(c) − c
(
dn∂ne + i(γσ
nχn)− 2
(
cW − 1
2
∂nd
n
)))
= −s(eC˜0c),
from the above action.
Using equations of motion of the gauge-fixed action (4.12), thus imposing the gauge
fixing conditions, we consistently fix the fields as
A˜m = B˜mI = C˜ = ψα = cL = cW = cˇSα = χmα = 0,
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Z(a)m = Z
(b)
mI = Z
(c) = Zˇ(α)α = c¯L = c¯W = βα = Zˇ
m
α = 0,
em
a = δm
a,
Zma = −1
2
δmaη
kl∂kξ
I∂lξI + δ
n
aη
mk∂kξ
I∂nξI
− i
2
δma(λ
Iσn∂nλI) +
i
2
δna(λ
Iσm∂nλI)
−δmaηkl∂kφ¯I∂lφI + δnaηmk∂kφ¯I∂nφI + δnaηmk∂nφ¯I∂kφI
−δmaaˆnεnl∂la′ + δnaaˆkεkm∂na′ + δnaaˆkεknηml∂la′ (4.13)
−δmabˆnI εnl∂lb′I + δnabˆkIεkm∂nb′I + δnabˆkIεknηml∂lb′I
−δmacˆnεnl∂lc′ + δnacˆkεkm∂nc′ + δnacˆkεknηml∂lc′
+iδma(α¯σ
n∂nα
′)− iδna(α¯σm∂nα′)
−δmaηkl∂kf¯∂lf + δnaηmk∂kf¯∂nf + δnaηmk∂nf¯∂kf
+δmad¯
k
n∂kd
n + δnad¯
k
n∂kd
m − δnad¯mk∂ndk
+δma(β¯
n∂nγ)− δna(β¯m∂nγ)
+iδmaεklbˆ
k
I (α
′σlλI) + iδnaεnk bˆ
k
I (α
′σmλI).
Then, we finally obtain the gauge-fixed action
Sgauge−fixed =
∫
d2x
{
−1
2
ηmn∂mξ
I∂nξI − i
2
(λIσm∂mλI)− ηmn∂mφ¯I∂nφI
−aˆm
(
∂ma+ εm
n∂na
′
)
− bˆmI
(
∂mb
I + εm
n∂nb
′I
)
−cˆm
(
∂mc+ εm
n∂nc
′
)
+ i(α¯σm∂mα
′)− ηmn∂mf¯∂nf
+ηmnd¯mk∂nd
k + (β¯m∂mγ)
−2abˆmI ∂mξI + εmnbˆmI cˆnφI
+
1
2
(f + aa′)εmnbˆ
m
I bˆ
nI + iεmnbˆ
m
I (α
′σnλI)
}
. (4.14)
The action (4.14) is invariant under the following on-shell nilpotent BRST transformations
which are obtained from (4.10a) and (4.10b) by eliminating the antifields and the auxiliary
fields,
sξI = a′φI + dn∂nξ
I + i(γλI),
sλIα = α
′
αφ
I + dn∂nλ
I
α + (σ
mγ)α∂mξ
I +
1
4
∂mdn(σ
mσnλI)α − εmna′bˆmI(σnγ)α,
sφI = dn∂nφ
I + i(γσmγ)εmnbˆ
nI ,
sφ¯I = b′I − a′ξI + dn∂nφ¯I ,
sa = dn∂na + i(γσ¯α
′),
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sa′ = dn∂na
′ − i(γα′),
sα′α = d
n∂nα
′
α − (σmγ)α∂ma′ +
1
4
(σmσnα′)α∂mdn,
sbI = (f − aa′)φI + dn∂nbI + 2i(γλI)a− i(γσ¯λI)a′ − iεmn(γσmγ)∂nφ¯I + i(γσ¯α′)ξI ,
sb′I = dn∂nb
′I + i(γλI)a′ + i(γσmγ)∂mφ¯
I − i(γα′)ξI ,
scˆm = (εmna− ηmna′)∂na′ − i(α′σmα′) + εmn∂nf + ∂n(dncˆm)− ∂ndmcˆn,
sdm = dn∂nd
m − i(γσmγ),
sγα = d
n∂nγα − 1
4
(σnσmγ)α∂mdn, (4.15)
sf = dn∂nf − i(γα′)a+ i(γσ¯α′)a′ + iεmn(γσmγ)cˆn,
saˆm = εmn(φI∂nξ
I − ∂nφIξI)− a′bˆmI φI − (εmnc− ηmnc′)∂na′ − εmn∂n(ca′ + c′a)
+∂n(d
naˆm)− ∂ndmaˆn + iεmn∂n(γα¯) + 2ibˆmI (γλI) + i∂nf¯(γσnσmα′),
sbˆmI = ε
mn∂nφI + ∂n(d
nbˆmI )− ∂ndmbˆnI ,
sc =
1
2
φIφI + d
n∂nc+ iε
mn∂mf¯(γσnγ),
sα¯α = 2
(
(c− c′σ¯)α′
)
α
− φIλIα + dn∂nα¯α +
1
4
∂mdn(σ
mσnα¯)α − εmn(aˆm + bˆmI ξI)(σnγ)α
+(εmna′ + ηmna)∂mf¯(σnγ)α,
sf¯ = c′ + dn∂nf¯ ,
sc′ = dn∂nc
′ + i(γσmγ)∂mf¯ ,
sd¯mn = Vmn − 1
2
ηmn(η
klVkl),
sβ¯mα = Jmα,
where we denote
Vmn ≡ 1
2
∂mξ
I∂nξI +
i
4
(λIσm∂nλI) + ∂mφ¯
I∂nφI
+aˆkεkm∂na
′ + bˆkIεkm∂nb
′I + cˆkεkm∂nc
′ − i
4
(α¯σm∂nα
′) +
i
4
(α′σm∂nα¯)
+∂mf¯∂nf − d¯mk∂ndk + 1
2
dk∂kd¯mn − 3
4
(β¯m∂nγ) +
1
4
(γ∂mβ¯n) +
i
2
εmk bˆ
k
I (α
′σnλ
I)
+(m↔ n), (4.16a)
Jmα ≡ −i
(
∂nξ
I + εnka
′bˆkI
)
(σnσmλI)α − 2i
(
εlnbˆ
n
I ∂kφ¯
I + εlncˆ
n∂k f¯
)
(σkσmσ
lγ)α
−i
(
εk
n(aˆk + bˆkIξ
I)− (εkna′ + ηkna)∂kf¯
)
(σnσmα
′)α + i∂na
′(σnσmα¯)α
+2id¯mn(σ
nγ)α +
3
2
∂md
nβ¯nα + d
n∂nβ¯mα. (4.16b)
We list below the statistics and the ghost numbers of each fields for the convenience:
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fields statistics ghost numbers
f¯ bosonic −2
aˆm, bˆm, c, c′, d¯mn fermionic −1
α¯α, β¯
m
α bosonic
λIα fermionic
0
ξI , φI , φ¯I bosonic
a, a′, bI , b′I , cˆm, dm fermionic
1
α′α, γα bosonic
f bosonic 2
The ghost fields
(
a(x), a′(x), aˆm(x), α′α(x), α¯α(x)
)
,
(
bI(x), b′I(x), cˆm(x), bˆm(x), c(x),
c′(x), f(x), f¯(x)
)
and
(
dm(x), d¯mn(x), γα(x), β¯
m
α(x)
)
come from the symmetries of the
U(1)V×U(1)A, of the generalized Chern-Simons action and of the supergravity, respectively.
We now present a perturbative analysis of the gauge-fixed action (4.14) and investigate
BRST Ward identities at the quantum level. Then, we find out that nonlocal anomalous
terms obtained from loop calculations vanish by imposing a condition which determines
the critical dimension for this superstring model. For the explicit calculation it might be
convenient to introduce light-cone notations on the world-sheet‡. The gauge-fixed action
(4.14) is then expressed with these notations
Sgauge−fixed =
∫
d2x
{
∂+ξ
I∂−ξI +
i√
2
λI+∂−λI+ +
i√
2
λI−∂+λI− + 2∂+φ¯
I∂−φI
+aˆ+∂−a+ + aˆ−∂+a− + bˆ+I∂−b
I
+ + bˆ−I∂+b
I
−
+cˆ+∂−c+ + cˆ−∂+c− − i
√
2α¯+∂−α
′
+ − i
√
2α¯−∂+α
′
− + 2∂+f¯∂−f
−d¯++∂−d+ − d¯−−∂+d− − β¯+∂−γ+ + β¯−∂+γ−
+(a+ + a−)(bˆ+I∂−ξ
I + bˆ−I∂+ξ
I) + bˆ+I cˆ−φ
I − bˆ−I cˆ+φI
+
(
f +
1
2
a+a−
)
bˆ+I bˆ
I
− + i
√
2bˆ+Iα
′
−λ
I
− − i
√
2bˆ−Iα
′
+λ
I
+
}
, (4.17)
where we denote
λI+ ≡ λI1, λI− ≡ λI2,
‡Our convention of the light-cone coordinates on the world-sheet is x± = 1√
2
(x0±x1). The metric tensor
ηmn and Levi-Civita´ symbol εmn are given by η++ = η−− = 0, η+− = η−+ = −1 and ε+− = −ε−+ = −1,
respectively.
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α′+ ≡ α′1, α′− ≡ α′2, α¯+ ≡ α¯1, α¯− ≡ α¯2,
γ+ ≡ γ2, γ− ≡ γ1, β¯+ ≡ β¯+α=1, β¯− ≡ β¯−α=2,
a± ≡ a∓ a′,
bI± ≡ bI ∓ b′I ,
c± ≡ c∓ c′.
Propagators are derived by taking inverses of bilinear parts in the action (4.17),
〈ξI(x)ξJ(y)〉0 = 〈φ¯I(x)φJ(y)〉0
=
∫ d2p
i(2π)2
1
p2 + iǫ
e−ip(x−y)ηIJ ,
〈λI±(x)λJ±(y)〉0 =
∫
d2p
i(2π)2
−√2p∓
p2 + iǫ
e−ip(x−y)ηIJ ,
〈aˆ±(x)a±(y)〉0 = 〈cˆ±(x)c±(y)〉0 = −〈d¯±±(x)d±(y)〉0
=
∫
d2p
i(2π)2
−2ip∓
p2 + iǫ
e−ip(x−y),
〈bˆI±(x)bI±(y)〉0 =
∫ d2p
i(2π)2
−2ip∓
p2 + iǫ
e−ip(x−y)ηIJ ,
〈α¯±(x)α′±(y)〉0 =
∫ d2p
i(2π)2
√
2p∓
p2 + iǫ
e−ip(x−y),
〈β¯±(x)γ±(y)〉0 =
∫
d2p
i(2π)2
∓2ip∓
p2 + iǫ
e−ip(x−y),
〈f¯(x)f(y)〉0 =
∫
d2p
i(2π)2
1
p2 + iǫ
e−ip(x−y).
Now let us consider the following two-point functions,
A(p)++ ≡
∫ d2x
i(2π)2
〈V++(x)V++(0)〉 eipx, (4.18a)
B(p)++ ≡
∫
d2x
i(2π)2
〈J+(x)J+(0)〉 eipx, (4.18b)
where we denote J+(x) ≡ J+α=1(x). Here we mention that the two-point functions (4.18a)
and (4.18b) should vanish from the point of view of the BRST symmetries V++(x) =
sd¯++(x) and J+(x) = sβ¯+(x). By estimating all of the contributions arising from (ξ
I , ξI),
(λI+, λI+), (φ¯
I , φI), (aˆ+, a+), (bˆ+I , b
I
+), (cˆ+, c+), (α¯+, α
′
+), (f¯ , f), (d¯++, d
+) and (β¯+, γ+), we
can obtain the following result for the two-point function (4.18a) up to one-loop order,
A(p)++ =
1
48π3
(
D +
1
2
D + 2D − 2− 2D − 2− 1 + 2− 26 + 11
)
(p−)3
p+
=
D − 12
32π3
(p−)3
p+
. (4.19a)
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Furthermore we can obtain the following result for (4.18b),
B(p)++ =
1
4
√
2π3
(
D − 2− 10
)(p−)2
p+
=
D − 12
4
√
2π3
(p−)2
p+
. (4.19b)
In a similar way we can find
A(p)−− ≡
∫
d2x
i(2π)2
〈V−−(x)V−−(0)〉 eipx = D − 12
32π3
(p+)3
p−
, (4.20a)
B(p)−− ≡
∫
d2x
i(2π)2
〈J−(x)J−(0)〉 eipx = D − 12
4
√
2π3
(p+)2
p−
, (4.20b)
where J−(x) ≡ J−α=2(x). Although we need to check the other two-point functions, i.e.
A(p)+− and B(p)+−, these two-point functions are actually divergent. However, this di-
vergence can be absorbed adding suitable local counter terms to the action. Therefore, we
conclude that the BRST anomalies vanish if and only if
D = 12. (4.21)
5 Quantization in the light-cone gauge formulation
In this section we carry out the quantization of the classical action (3.17) in the light-cone
gauge and derive the same critical dimension of the model in the covariant gauge. In
addition, we mention a mass-shell relation of the model.
In the canonical formulation it might be useful to introduce the following new variables
for the inverse zweibein fields ea
m(x),
e±
m ≡ e
2
(
e0
m ± e1m
)
. (5.1)
According to the ordinary Dirac’s procedure∗, we introduce canonical momenta defined
by PΦA(x) ≡ δLS/δ(∂0ΦA(x)) corresponding to fields ΦA(x)†,
PξI = −e
(
g0m∂mξI − A˜0φI − i
2
(λIσ
mσaχm)ea
0
)
,
PφI = −e
(
g0m∂mφ¯I − B˜0I
)
, (5.2)
Pφ¯I = −eg0m∂mφI ,
∗Our convention of the generalized Poisson bracket is given in Appendix C. We take the independent
variables ΦA(x) as ξI(x), λIα(x), φ
I(x), φ¯I(x), Am(x), B
I
m(x), C01(x), ψα(x), e±
m(x) and χmα(x).
†For the spinor fields, we denote their two components as λI+(x) ≡ λI1(x) and λI−(x) ≡ λI2(x). The
other spinor fields also obey the same conventions.
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and
PλI± =
δLS
δ(∂0λI±)
= −ie∓0λI±, ⇒ θI± ≡ PλI± + ie∓0λI± = 0, (5.3a)
PA
m = PB
m
I = PC01 = Pψ± = Pe±m = Pχ
m
± = 0. (5.3b)
The Poisson brackets are defined by
{ξI , PξJ} = {φI , PφJ} = {φ¯I , Pφ¯J} = δIJ ,
{λI±, PλJ±} = {PλJ±, λI±} = −δIJ ,
{Am, PAn} = δnm,
{BIm, PBnJ} = δnmδIJ ,
{C01, PC01} = 1,
{ψ±, Pψ±} = {Pψ±, ψ±} = −1,
{e±m, Pe±n} = δmn ,
{χm±, Pχn±} = {Pχn±, χm±} = −δnm.
(5.4)
The relations (5.3a) and (5.3b) give primary constraints. By introducing Lagrange mul-
tiplier fields ρi(x) for primary constraints ϕ
i(x), canonical Hamiltonian can be written in
terms of the phase space variables as
H =
∫
dx1
{
∂0Φ
APΦA − L+ ρiϕi
}
=
∫
dx1
{
− e−
1
e−0
(
1
4
(
Pξ
I + A1φ
I + ∂1ξ
I
)(
PξI + A1φI + ∂1ξI
)
− PλI+∂1λI+
+
(
Pφ¯
I + ∂1φ
I
)(
PφI +B1I + ∂1φ¯I
)
− i
2
(
Pξ
I + A1φ
I + ∂1ξ
I
)
λI+χ1−
)
+
e+
1
e+0
(
1
4
(
Pξ
I + A1φ
I − ∂1ξI
)(
PξI + A1φI − ∂1ξI
)
+ PλI−∂1λ
I
−
+
(
Pφ¯
I − ∂1φI
)(
PφI +B1I − ∂1φ¯I
)
− i
2
(
Pξ
I + A1φ
I − ∂1ξI
)
λI−χ1+
)
− A0φI∂1ξI −BI0∂1φI −
1
2
C01φ
IφI − 2i
(
e+
0e−
1 − e−0e+1
)
φI
(
ψ−λ
I
+ − ψ+λI−
)
+
i
2
(
Pξ
I + A1φ
I + ∂1ξ
I
)
λI+χ0− − i
2
(
Pξ
I + A1φ
I − ∂1ξI
)
λI−χ0+
− θI+ρλI+ − θI−ρλI−
+ ρAmPA
m + ρB
I
mPB
m
I + ρC01PC01 + ρψ+Pψ+ + ρψ−Pψ−
+ ρe+
mPe+m + ρe−
mPe−m + ρχ+mPχ
m
+ + ρχ−mPχ
m
−
}
, (5.5)
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where we redefine the multiplier ρλ
I
±(x) for the primary constraint (5.3a) as
ρλ
I
± + ∂0λ
I
± +
e∓
1
e∓0
∂1λ
I
± → ρλI±.
A consistency check of the primary constraints (5.3a) and (5.3b) yields a set of secondary
constraints
1
4
(
Pξ
I ± ∂1ξI
)(
PξI ± ∂1ξI
)
∓ PλI±∂1λI± = 0, (5.6a)(
Pξ
I ± ∂1ξI
)
λI± = 0, (5.6b)
φIλ
I
± = 0, (5.6c)
φI∂1ξ
I = 0, (5.6d)
φIPξ
I = 0, (5.6e)
∂1φ
I = 0, (5.6f)
Pφ¯
I = 0, (5.6g)
1
2
φIφI = 0, (5.6h)
and these secondary constraints give no other relations‡.
Let us specify the algebraic structure of the constraints. The constraints (5.3a) have
non-vanishing Poisson brackets with each other
{θI±, θJ±} = −2ie∓0ηIJ ,
{θI±, θJ∓} = 0,
(5.7)
and are therefore second class. Similarly, the constraints Pe±0(x) = 0 and (5.6a)-(5.6c)
have non-vanishing Poisson brackets with the constraints (5.3a) and hence are also second
class. However, we can take the following linear combinations for these constraints,
Pe±0 = 0
→ Pe±0 +
1
2e±0
θI∓λ
I
∓ = 0, (5.8a)
1
4
(
Pξ
I ± ∂1ξI
)(
PξI ± ∂1ξI
)
∓ PλI±∂1λI± = 0
→ 1
4
(
Pξ
I ± ∂1ξI
)(
PξI ± ∂1ξI
)
∓
(
PλI± −
1
2
θI±
)
∂1
(
λI± +
i
2e∓0
θI±
)
= 0, (5.8b)(
Pξ
I ± ∂1ξI
)
λI± = 0
‡The consistency checks for some of the constraints determine the multipliers as functionals of the
canonical variables. However, these explicit forms are not important because these contributions to the
canonical Hamiltonian might be ignored if we introduce the Dirac brackets.
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→
(
Pξ
I ± ∂1ξI
)(
λI± +
i
2e∓0
θI±
)
= 0, (5.8c)
φIλ
I
± = 0
→ φI
(
λI± +
i
2e∓0
θI±
)
= 0, (5.8d)
so that the above constraints (5.8a)-(5.8d) turn out to have vanishing Poisson brackets with
the constraints (5.3a). Then, we can separate all of the constraints into second class (5.3a)
and first class (5.3b), (5.8a)-(5.8d) and (5.6d)-(5.6h). For the second class constraints, we
introduce the following Dirac brackets instead of the Poisson brackets,
{Pe∓0, λI±} =
λI±
2e∓0
,
{λI±, λJ±} = −
i
2e∓0
ηIJ ,
(5.9)
and we set the second class constraints (5.3a) as identities. Then, the first class constraints
(5.8a)-(5.8d) are simply replaced to the original ones.
Now we investigate the dynamics of the model defined by the canonical Hamiltonian
(5.5) with the first class constraints (5.3b) and (5.6a)-(5.6h). Imposing noncovariant gauge
fixing conditions, we explicitly solve the constraints to some of the variables from the
equations of motion§.
We begin by considering conditions for the scalar field φI(τ, σ). We find it convenient
to introduce Fourier mode expansions of the canonical pair
(
φI(τ, σ), PφJ(τ, σ)
)
,
φI(τ, σ) = φI(τ) +
1√
2π
∑
m6=0
φIm(τ)e
imσ,
PφI(τ, σ) =
pφI(τ)
2π
+
1√
2π
∑
m6=0
pφIm(τ)e
imσ.
(5.10)
Then, Poisson brackets are written by
{φI(τ), pφJ(τ)} = δIJ ,
{φIm(τ), pφJn(τ)} = δIJδm+n, (5.11)
otherwise = 0.
In terms of the Fourier modes, the constraint (5.6f) is equivalent to φIm(τ) = 0. On the
other hand, the equation of motion for φI(τ, σ) on the constraint surface is ∂τφ
I(τ, σ) = 0.
§Hereafter we use the conventions of the world-sheet coordinates as x0 ≡ τ and x1 ≡ σ. We also
parameterize the spatial coordinate as 0 ≤ σ ≤ 2pi.
32
Together with the constraint φIm(τ) = 0, we then set the configuration of the scalar field
as φI(τ, σ) = φI(τ) = φI(= const.).
We first impose orthonormal gauge fixing conditions ea
m(τ, σ) = δa
m for the constraints
Pe±m(τ, σ) = 0, by using the gauge parameters k
n(τ, σ), l(τ, σ) and s(τ, σ) for the general
coordinate, the local Lorentz and the Weyl scaling transformations, respectively. In ad-
dition, we can also adopt χm±(τ, σ) = 0 as a gauge fixing condition for the constraint
Pχ
m
±(τ, σ) = 0, by using the gauge parameters ζ±(τ, σ) and sˇ±(τ, σ) for the local supersym-
metry and the super-Weyl scaling transformations, respectively. The bosonic U(1)V×U(1)A
gauge parameters v(τ, σ), v′(τ, σ) and the global parameter αi can fix to be Am(τ, σ) = 0
for the constraint PA
m(τ, σ) = 0, while the fermionic gauge parameters µ′±(τ, σ) can fix to
be ψ±(τ, σ) = 0 for the constraint Pψ±(τ, σ) = 0. However, this is not the end of the story.
The system still has residual symmetries concerned with these gauge parameters [16]. As
we will explain below, taking these symmetries into account, we can adopt the follow-
ing gauge fixing conditions on “two” light-cone coordinates¶ of the background spacetime
within the gauge ea
m(τ, σ) = δa
m and χm±(τ, σ) = Am(τ, σ) = ψ±(τ, σ) = 0,
ξ+(τ, σ) =
p+
2π
τ, P+ξ (τ, σ) =
p+
2π
,
ξ+ˆ(τ, σ) =
p+ˆ
2π
τ, P +ˆξ (τ, σ) =
p+ˆ
2π
,
λ+±(τ, σ) = 0,
λ+ˆ±(τ, σ) = 0,
(5.12)
where p+ and p+ˆ are light-cone components of the center of mass momenta. Therefore we
can eliminate “two” unphysical components of the coordinates of the background spacetime
and their superpartners. Indeed the gauge fixing conditions (5.12) correspond to ones for
the first class constraints (5.6a)-(5.6e).
In order to show how these conditions (5.12) are accomplished, it might be useful
to introduce Fourier mode expansions. In the gauge ea
m(τ, σ) = δa
m and χm±(τ, σ) =
Am(τ, σ) = ψ±(τ, σ) = 0, the dynamics of the coordinates ξ
I(τ, σ) and λI±(τ, σ) turns out
to be given by free wave equations and free Dirac equations with some constraints. For
¶From the definition of the metric (2.1), we denote the light-cone coordinates of the background space-
time as xI = (x+, x−, xi, x+ˆ, x−ˆ), where x± ≡ 1√
2
(x0 ± xD−3) and x±ˆ ≡ 1√
2
(x0ˆ ± x1ˆ) and the index i runs
through 1, 2, . . . , D − 4.
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the bosonic coordinates, the solutions of the equation of motion are
ξI(τ, σ) = xI +
pI
2π
τ +
i
2
√
π
∑
m6=0
1
m
(
αIme
−im(τ−σ) + α˜Ime
−im(τ+σ)
)
,
Pξ
I(τ, σ) =
pI
2π
+
1
2
√
π
∑
m6=0
(
αIme
−im(τ−σ) + α˜Ime
−im(τ+σ)
)
,
(5.13)
and Poisson brackets are given by
{xI , pJ} = ηIJ ,
{αIm, αJn} = {α˜Im, α˜Jn} = −imηIJδm+n, (5.14)
otherwise = 0.
For the fermionic coordinates, the solutions depend on their boundary conditions i.e. pe-
riodic (Ramond model) and antiperiodic (Neveu-Schwarz model),
λI−(τ, σ) =
1√
2π
∑
r∈Z+a
bIre
−ir(τ−σ),
λI+(τ, σ) =
1√
2π
∑
r∈Z+a
b˜Ire
−ir(τ+σ),
(5.15)
where a = 0 for Ramond and a = 1/2 for Neveu-Schwarz model, respectively. Their
Poisson brackets are given by
{bIr , bJs } = {b˜Ir , b˜Js } = −iηIJδr+s,
{bIr , b˜Js } = 0.
(5.16)
In terms of the Fourier modes, the constraints (5.6a)-(5.6e) are equivalent to
Lm = L
(α)
m + L
(b)
m = 0,
L˜m = L˜
(α)
m + L˜
(b)
m = 0,
Gr = G˜r = 0, (5.17)
φIα
I
m = φIα˜
I
m = 0,
φIb
I
r = φI b˜
I
r = 0.
In the above eqs., we define the super-Virasoro generators as
L(α)m ≡
1
2
∑
n
αI−nαIm+n, L˜
(α)
m ≡
1
2
∑
n
α˜I−nα˜Im+n,
L(b)m ≡
1
2
∑
r∈Z+a
(
r +
m
2
)
bI−rbIm+r, L˜
(b)
m ≡
1
2
∑
r∈Z+a
(
r +
m
2
)
b˜I−rb˜Im+r,
Gr ≡
∑
n
αI−nbIr+n, G˜r ≡
∑
n
α˜I−nb˜Ir+n,
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where we denote αI0 = α˜
I
0 ≡ pI/(2
√
π). The gauge fixing conditions (5.12) are equivalent
to
x+ = x+ˆ = 0,
α+m = α
+ˆ
m = α˜
+
m = α˜
+ˆ
m = 0, (m 6= 0),
(5.18a)
and
b+r = b
+ˆ
r = b˜
+
r = b˜
+ˆ
r = 0. (5.18b)
Now let us explain the procedure to get the gauge fixing conditions (5.18a) and (5.18b).
For the fermionic sectors, within the super-orthonormal gauge, we can change the fermionic
coordinates λI±(τ, σ) with the gauge parameters ζ±(τ, σ) provided that conditions ∂τζ+(τ, σ)
= −∂σζ+(τ, σ) and ∂τζ−(τ, σ) = ∂σζ−(τ, σ) are satisfied. Here we take the following forms
which realize these conditions,
ζ+(τ, σ) =
1√
2π
∑
r∈Z+a
ζre
−ir(τ−σ),
ζ−(τ, σ) =
1√
2π
∑
r∈Z+a
ζ˜re
−ir(τ+σ).
In analogy to the bosonic U(1)V×U(1)A string case [16], the fermionic U(1)V×U(1)A
gauge parameters µ′±(τ, σ) can be also used to change the fermionic coordinates within the
gauge ψ±(τ, σ) = 0 provided that conditions ∂τµ
′
+(τ, σ) = ∂σµ
′
+(τ, σ) and ∂τµ
′
−(τ, σ) =
−∂σµ′−(τ, σ) are satisfied. We take the following forms for µ′±(τ, σ) to realize these condi-
tions,
µ′−(τ, σ) =
1√
2π
∑
r∈Z+a
µ′re
−ir(τ−σ),
µ′+(τ, σ) =
1√
2π
∑
r∈Z+a
µ˜′re
−ir(τ+σ).
The gauge transformations corresponding to these parameters are consistent with the equa-
tions of motion for the fermionic coordinates λI±(τ, σ), because, in terms of the Fourier
modes, the gauge transformations are given by
δbIr =
1√
π
∑
n
ζr−nα
I
n + µ
′
rφ
I ,
δb˜Ir = −
1√
π
∑
n
ζ˜r−nα˜
I
n + µ˜
′
rφ
I .
(5.19)
It is worth to mention that these gauge transformations are the same ones in usual string
theories, except for the gauge transformations corresponding to the parameters µ′r and µ˜
′
r.
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However, we would like to emphasize that these gauge transformations can be disappear
on the following combinations,
δ(φ+ˆb+r − φ+b+ˆr ) =
1√
π
∑
n
ζr−n(φ
+ˆα+n − φ+α+ˆn ),
δ(φ+ˆb˜+r − φ+b˜+ˆr ) = −
1√
π
∑
n
ζ˜r−n(φ
+ˆα˜+n − φ+α˜+ˆn ).
In analogy to taking the light-cone gauge in usual string theories, by using the gauge
degrees of freedom for ζr and ζ˜r, we can recursively adopt gauge conditions
φ+ˆb+r − φ+b+ˆr = 0,
φ+ˆb˜+r − φ+b˜+ˆr = 0,
(5.20)
if the following condition is satisfied,
φ+ˆp+ − φ+p+ˆ 6= 0. (5.21)
Next we use the gauge degrees of freedom for µ′r and µ˜
′
r in (5.19). In order to keep the
condition (5.21) one cannot vanish both of the scalar fields φ+ˆ and φ+ simultaneously. If
φ+ˆ 6= 0, we can adopt the following gauge fixing conditions of the +ˆ component,
b+ˆr = b˜
+ˆ
r = 0, (5.22)
without spoiling the gauge fixing conditions (5.20). From (5.20) and (5.22) we can then
arrive at the gauge fixing conditions (5.18b). In the similar way, we also conclude the
same gauge fixing conditions (5.18b), in the case φ+ 6= 0. Therefore we may assume the
case φ+ˆ 6= 0 throughout this paper without loss of generality. For the bosonic sectors, the
procedure to obtain the light-cone gauge (5.18a) within the gauge (5.18b) is essentially as
same as in the previous work [16], and therefore does not need to be repeated here.
The gauge fixing procedures for the remaining constraints PB
m
I (τ, σ) = PC01(τ, σ) = 0
and (5.6f)-(5.6h) are also as same as in the bosonic U(1)V×U(1)A string model. As we
explicitly showed in the paper [16], after imposing suitable gauge fixing conditions, the
dynamics for the remaining phase space variables is completely determined, so that it is
described by the zero-modes of the fields φI(τ, σ) and Pφ
I(τ, σ)
(
= −BIσ(τ, σ)
)
,
φI(τ, σ) = φI ,
Pφ
I(τ, σ) =
pφ
I
2π
− Cˆ0φIτ,
(5.23)
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with second class constraints
1
2
φIφI = 0, pφ
+ˆ = 0, (5.24)
where the constant Cˆ0 arises from a gauge fixing condition Cτσ(τ, σ) = −Cˆ0. In the two-
time physics, these zero-modes are regarded as canonical particle modes [6, 8].
Now let us summarize the correspondence between the constraints and the gauge fixing
conditions‖:
constraints gauge fixing conditions
L0 + L˜0 = 0, x
+ = 0,
Lm = L˜m = 0, α
+
m = α˜
+
m = 0, (m 6= 0),
Gr = G˜r = 0, b
+
r = b˜
+
r = 0,
φIp
I = 0, x+ˆ = 0,
φIα
I
m = φI α˜
I
m = 0, α
+ˆ
m = α˜
+ˆ
m = 0, (m 6= 0),
φIb
I
r = φI b˜
I
r = 0, b
+ˆ
r = b˜
+ˆ
r = 0,
1
2
φIφI = 0, pφ
+ˆ = 0.
We are now ready to discuss the dynamics of the system.
As the constraints are quadratic in the Fourier modes, we can solve these directly and
the dependent variables are expressed in terms of the independent variables. Here are the
non-vanishing Poisson brackets of the independent canonical variables
{x−, p+} = {x−ˆ, p+ˆ} = −1,
{xi, pj} = δij,
{αim, αjn} = {α˜im, α˜jn} = −imδijδm+n,
{bir, bjs} = {b˜ir, b˜js} = −iδijδr+s,
{φ+, pφ−} = {φ−, pφ+} = {φ+ˆ, pφ−ˆ} = −1,
{φi, pφj} = δij,
(5.25)
and the remaining non-vanishing dependent variables are written down as
p− =
−1
φ+ˆp+ − φ+p+ˆ
(
p+ˆp+ˆ
φ+ˆ
(
φ+φ− − 1
2
φiφi
)
− p+ˆ
(
φ−p+ − φipi
)
− 2πφ+ˆ
(
Ltr0 + L˜
tr
0
))
,
‖As in usual closed string theories, a constraint L0 − L˜0 = 0 leads residual gauge invariance i.e. the
translation along the world-sheet coordinate σ. This constraint results in the level matching condition for
physical states in quantum theories.
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α−m =
−1
φ+ˆp+ − φ+p+ˆ
(
p+ˆφiαim − 2
√
πφ+ˆLtrm
)
, (m 6= 0),
α˜−m =
−1
φ+ˆp+ − φ+p+ˆ
(
p+ˆφiα˜im − 2
√
πφ+ˆL˜trm
)
, (m 6= 0),
p−ˆ =
1
φ+ˆp+ − φ+p+ˆ
(
p+ˆp+
φ+ˆ
(
φ+φ− − 1
2
φiφi
)
− p+
(
φ−p+ − φipi
)
− 2πφ+
(
Ltr0 + L˜
tr
0
))
,
α−ˆm =
1
φ+ˆp+ − φ+p+ˆ
(
p+φiαim − 2
√
πφ+Ltrm
)
, (m 6= 0),
α˜−ˆm =
1
φ+ˆp+ − φ+p+ˆ
(
p+φiα˜im − 2
√
πφ+L˜trm
)
, (m 6= 0), (5.26)
b−r =
−1
φ+ˆp+ − φ+p+ˆ
(
p+ˆφibir − 2
√
πφ+ˆGtrr
)
,
b˜−r =
−1
φ+ˆp+ − φ+p+ˆ
(
p+ˆφib˜ir − 2
√
πφ+ˆG˜trr
)
,
b−ˆr =
1
φ+ˆp+ − φ+p+ˆ
(
p+φibir − 2
√
πφ+Gtrr
)
,
b˜−ˆr =
1
φ+ˆp+ − φ+p+ˆ
(
p+φib˜ir − 2
√
πφ+G˜trr
)
,
φ−ˆ = − 1
φ+ˆ
(
φ+φ− − 1
2
φiφi
)
,
where transverse parts of the super-Virasoro generators Ltrm(= L
(α)tr
m +L
(b)tr
m ), L˜
tr
m(= L˜
(α)tr
m +
L˜(b)trm ), G
tr
r and G˜
tr
r are defined by
L(α)trm ≡
1
2
∑
n
αi−nαim+n, L˜
(α)tr
m ≡
1
2
∑
n
α˜i−nα˜im+n,
L(b)trm ≡
1
2
∑
r∈Z+a
(
r +
m
2
)
bi−rbim+r, L˜
(b)tr
m ≡
1
2
∑
r∈Z+a
(
r +
m
2
)
b˜i−rb˜im+r,
Gtrr ≡
∑
n
αi−nbir+n, G˜
tr
r ≡
∑
n
α˜i−nb˜ir+n.
Now let us investigate the symmetry of the D-dimensional background spacetime. The
generators for the translation and the Lorentz transformation are derived from the classical
action (3.17). In terms of the Fourier modes, these are
P I = pI , (5.27a)
M IJ = xIpJ − i
2
∑
m6=0
1
m
(
αI−mα
J
m + α˜
I
−mα˜
J
m
)
− i
2
∑
r∈Z+a
(
bI−rb
J
r + b˜
I
−r b˜
J
r
)
+ φIpφ
J
−(I ↔ J). (5.27b)
Using the independent canonical variables, the Poincare´ algebra ISO(D−2, 2) is satisfied,
{P I , P J} = 0,
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{M IJ , PK} = ηIKP J − ηJKP I , (5.28)
{M IJ ,MKL} = ηIKMJL − ηJKM IL − ηILMJK + ηJLM IK ,
if a constraint Ltr0 = L˜
tr
0 is imposed. The gauge fixing procedure we considered is the way
to preserve the full D-dimensional Poincare´ symmetry.
According to the ordinary string theories in the light-cone gauge, we have to examine
Poincare´ algebra (5.28) in the quantum theory [24]. The checking of the Poincare´ alge-
bra is again straightforward, except for commutation relations [M i−,M j−], [M i−ˆ,M j−ˆ],
[M i−,M j−ˆ], [M i−,M−−ˆ] and [M i−ˆ,M−−ˆ]. The explicit forms of these Lorentz generators
are given in Appendix D. After lengthy computation, we can obtain the following results,
[M i−,M j−] =
4πφ+ˆ
2
(φ+ˆp+ − φ+p+ˆ)2A
ij ,
[M i−ˆ,M j−ˆ] =
4πφ+
2
(φ+ˆp+ − φ+p+ˆ)2A
ij ,
[M i−,M j−ˆ] = iδijM−−ˆ − 4πφ
+ˆφ+
(φ+ˆp+ − φ+p+ˆ)2A
ij , (5.29)
[M i−,M−−ˆ] =
4πφ+ˆφj
(φ+ˆp+ − φ+p+ˆ)2A
ij ,
[M i−ˆ,M−−ˆ] = − 4πφ
+φj
(φ+ˆp+ − φ+p+ˆ)2A
ij.
Anomalous terms Aij are
Aij = −
(
∞∑
m=1
m
(
αi−mα
j
m + α˜
i
−mα˜
j
m
)
+ 4
∞∑
r= 1
2
r2
(
bi−rb
j
r + b˜
i
−rb˜
j
r
))(
1− D − 4
8
)
+
(
∞∑
m=1
1
m
αi−mα
j
m +
∞∑
r= 1
2
bi−rb
j
r
)(
:Ltr0 : − :L˜tr0 : +a0 + a˜0 −
D − 4
8
)
+
(
∞∑
m=1
1
m
α˜i−mα˜
j
m +
∞∑
r= 1
2
b˜i−rb˜
j
r
)(
:L˜tr0 : − :Ltr0 : +a˜0 + a0 −
D − 4
8
)
−(i↔ j), (5.30a)
for (NS, NS) sector, which means both right and left movers satisfy the Neveu-Schwarz
boundary conditions,
Aij = −
(
∞∑
m=1
m
(
αi−mα
j
m + α˜
i
−mα˜
j
m
)
+ 4
∞∑
r=1
r2
(
bi−rb
j
r + b˜
i
−rb˜
j
r
))(
1− D − 4
8
)
+
(
∞∑
m=1
1
m
αi−mα
j
m +
∞∑
r=1
bi−rb
j
r +
1
2
bi0b
j
0
)(
:Ltr0 : − :L˜tr0 : +a0 + a˜0
)
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+(
∞∑
m=1
1
m
α˜i−mα˜
j
m +
∞∑
r=1
b˜i−rb˜
j
r +
1
2
b˜i0b˜
j
0
)(
:L˜tr0 : − :Ltr0 : +a˜0 + a0
)
−(i↔ j), (5.30b)
for (R, R) sector and
Aij = −
(
∞∑
m=1
m
(
αi−mα
j
m + α˜
i
−mα˜
j
m
)
+ 4
∞∑
r= 1
2
r2bi−rb
j
r + 4
∞∑
r=1
r2b˜i−r b˜
j
r
)(
1− D − 4
8
)
+
(
∞∑
m=1
1
m
αi−mα
j
m +
∞∑
r= 1
2
bi−rb
j
r
)(
:Ltr0 : − :L˜tr0 : +a0 + a˜0 −
D − 4
8
)
+
(
∞∑
m=1
1
m
α˜i−mα˜
j
m +
∞∑
r=1
b˜i−rb˜
j
r +
1
2
b˜i0b˜
j
0
)(
:L˜tr0 : − :Ltr0 : +a˜0 + a0
)
−(i↔ j), (5.30c)
for (NS, R) sector. The constants a0 and a˜0 denote the ordering ambiguity of the operators
Ltr0 and L˜
tr
0 by adopting the normal-ordering prescription,
Ltr0 → :Ltr0 : − a0, L˜tr0 → :L˜tr0 : − a˜0.
The level matching condition for physical states is now expressed as
:Ltr0 : − a0 = :L˜tr0 : − a˜0, ↔ N − a0 = N˜ − a˜0, (5.31)
where number operators N and N˜ are defined by
N ≡
∞∑
m=1
αi−mαim +
∞∑
r∈Z+a>0
rbi−rbir, N˜ ≡
∞∑
m=1
α˜i−mα˜im +
∞∑
r∈Z+a>0
rb˜i−rb˜ir.
Imposing the level matching condition (5.31), the anomalous terms Aij vanish on physical
states if and only if
D = 12,
a0 = a˜0 =
1
2
,
(
(NS, NS) sector
)
,
a0 = a˜0 = 0,
(
(R, R) sector
)
,
a0 =
1
2
, a˜0 = 0,
(
(NS, R) sector
)
.
(5.32)
Then, the Poincare´ algebra ISO(10, 2) is satisfied in the quantum theory.
A mass-shell relation of this superstring model is given by
m2 = −P IPI
= 4π
(
N + N˜ − a0 − a˜0
)
. (5.33)
As a common future of our string models [16] and the two-time physics [5], on-shell degrees
of freedom are equivalent to usual string theories, because our extra spacetime coordinates
are introduced by the “gauge” symmetries.
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6 Conclusions and discussions
We have explicitly constructed the U(1)V×U(1)A NSR superstring model by using the su-
perfield formulation and discussed the quantization of the model. Even though the system
had reducible and open gauge symmetries, we have shown that the covariant quantization
has been successfully carried out in the Lagrangian formulation a´ la Batalin and Vilko-
visky. Furthermore we have presented the noncovariant light-cone gauge formulation and
investigated the symmetry of the background spacetime. With careful considerations of
the residual U(1)V×U(1)A gauge symmetries, we have specified the gauge fixing conditions
corresponding to the first-class constraints. Under these suitable conditions, we have been
able to clarify dynamical independent variables and solve the first-class constraints explic-
itly. Although manifest covariance has been lost, we have confirmed the full D-dimensional
Poincare´ algebra of the background spacetime by direct computation.
Since the quantizations of the model have been successfully carried out, we could argue
the critical dimension of the superstring model. In our case, it turns out to be 10+2.
This means the background spacetime involves two time coordinates. Conversely, the
requirement of two negative signatures in the background metric is natural one due to the
gauge invariance of our model. The critical dimension has been obtained from both the
BRST Ward identity in the BRST formulation and the D-dimensional quantum Poincare´
algebra in the noncovariant light-cone gauge formulation. Therefore, we have concluded
a consistent quantum theory of our U(1)V×U(1)A superstring model has been formulated
in 10+2-dimensional background spacetime. We have also discussed the quantum states.
Contributions toward the mass-shell relation from zero-modes of the scalar field φI(x) are
completely canceled, so that our superstring model possesses the same spectra as usual
string theories.
We propose our string models as devices to formulate the physics involving two time
coordinates and to search for a fundamental theory with an underlying complex nature of
spacetime which would be linked via dualities to M-theory, type II string theories and F-
theory from higher-dimensional points of view. Our explicit Lagrangian formulation might
be a clue to understand spacetime itself.
The classical actions and the gauge symmetries of our string models strongly suggest
that these model should be more naturally defined in higher-dimensional field theories,
namely, that membranes or p-branes are more fundamental than strings in our formula-
tion. From the point of view of constraint algebras, the action might be derived from a
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membrane action by adopting a compactification prescription. In this case, Kaluza-Klein
fields which arise from the compactification might correspond to the gauge fields in our
present formulation.
One of the remarkable features of our higher-dimensional formulation is that models
are allowed to have pairs of the extra time and space coordinates. Therefore, by applying
our mechanism, one can construct a succession of supersymmetric models formulated in
background spacetimes, involving some time coordinates, where Majorana-Weyl fermions
can live consistently.
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Appendix A. Two-dimensional world-sheet
We denote the characters a, b, c, · · · and m,n, l, · · · as flat local Lorentz and curved
spacetime indices, respectively.
The two-dimensional flat metric ηab and Levi-Civita` symbol εab are given by
ηab = η
ab =
( −1 0
0 1
)
, εab = −εab =
(
0 1
−1 0
)
. (A.1)
As the two-dimensional Clifford algebra, the σ-matrices satisfy
{σa, σb} = 2ηab. (A.2)
Their explicit representations are
(σ0)α
β =
(
0 1
−1 0
)
, (σ1)α
β =
(
0 1
1 0
)
,
and
(σ¯)α
β ≡ (σ0σ1)αβ =
(
1 0
0 −1
)
.
The spinor metric is given by
ηαβ = η
αβ =
(
0 1
−1 0
)
, (A.3)
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and the spinor indices are raised or lowered by using the metric ηαβ and ηαβ
∗,
θα = θβη
βα, θα = ηαβθ
β. (A.4)
A bilinear form of spinors θ and χ is defined by
(θMσχ) ≡ θα(Mσ)αβχβ ,
where Mσ denotes any products of the σ-matrices. An integration of spinor coordinates is
given by ∫
d2θ ≡ 1
2
∫
dθ2dθ1, (A.5)
and its normalization is defined by ∫
d2θ(θθ) = 1.
One can introduce an orthonormal basis “zweibein” one-form field of the local Lorentz
flame for each cotangent space of two-dimensional spacetime
ea = dxmem
a, (A.6)
where the indexes a(= 0, 1) and m(= 0, 1) label the local Lorentz flame and curved space-
time, respectively. Orthonormality for the zweibein em
a(x) implies
gmnem
aen
b = ηab,
by using inverse metric gmn(x). One may assume the invertibility of the zweibein,
em
aea
n = δm
n, ea
mem
b = δa
b.
In the curved spacetime, the metric gmn(x) and the Levi-Civita` symbol ε
mn are given by
gmn = em
aen
bηab, ε
mn = eea
meb
nεab, εmn =
1
e
em
aen
bεab, (A.7)
where e(x) ≡ det ema(x) =
√
−g(x). One might prefer to use the Levi-Civita` tensors,
Emn ≡ 1
e
εmn, Emn ≡ eεmn.
The zweibein em
a(x) allows to covert the local Lorentz indices to the spacetime indices and
back,
Aa = em
aAm, Am = Aaea
m.
∗One might prefer to regard the equation θα = θβηβα as the Dirac conjugate relation ψ¯ = ψ†σ0 = ψTC,
where the spinor ψ is a real (Majorana) spinor and the charge conjugation matrix is defined as C ≡ σ0.
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One can also define σ-matrices in curved spacetime σm(x) as
σm ≡ σaeam. (A.8)
The zweibein obeys the following SO(1, 1) local Lorentz transformation
δem
a = lem
bεb
a, (A.9)
where the symbol εb
a is a generator of the vectorial representation for the local Lorentz
group SO(1, 1) and the function l(x) is a corresponding gauge parameter. In order to
define a covariant derivative on the local Lorentz group, a spin connection one-form ωa
b(x)
is introduced as
ωa
b = dxmωmεa
b = ωεa
b, (A.10)
and its local Lorentz transformation is defined by
δωm = ∂ml. (A.11)
The connections allow us to define covariant derivatives acting on the local Lorentz indices
as
∇mφ = ∂mφ,
∇mAa = ∂mAa + ωmεabAb, (A.12)
∇mAa = ∂mAa − ωmAbεba,
whereas covariant derivatives acting on the ordinary curved spacetime indices are defined
by
∇mφ = ∂mφ,
∇mAn = ∂mAn − ΓlmnAl, (A.13)
∇mAn = ∂mAn + ΓnmlAl,
where the coefficient Γlmn(x) is usual Christoffel connection. From the equivalence for the
covariant derivatives between local Lorentz flame and curved spacetime flame, one can
obtain the following relation between spin connections and Christoffel connections,
Γlmn = ea
l(∂men
a − ωmenbεba), (A.14)
or equivalently
∇mena = 0. (A.15)
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In (A.15), we use the following definition for the covariant derivative for the field Am
a(x)
involving “mixed” indices,
∇mAna ≡ ∂mAna − ΓlmnAla − ωmAnbεba. (A.16)
In two-dimensional case, the metric compatibility which corresponds to ∇kgmn(x) = 0 is
automatically satisfied by the following way
∇mηab = ∂mηab + ωmεacηcb + ωmεbcηac
= ωmεa
cηcb + ωmεb
cηac
= 0.
The torsion two-form T a(x) and the curvature two-form Ra
b(x) are then defined as
T a = dea − ωebεba ≡ −1
2
ecebTbc
a, (A.17a)
Ra
b = dωa
b + ωa
cωc
b ≡ −1
2
edecRcda
b. (A.17b)
In the curved spacetime, the torsion components are given as
Tmn
l ≡ ealTmna
= ea
l
(
∂men
a − ωmenbεba − (m↔ n)
)
= Γlmn − Γlnm.
If one impose the usual torsion free condition Tmn
l(x) = 0, the spin connections ωm(x) are
expressed in terms of the zweibein fields
ωm =
1
e
eamε
nl∂nel
a. (A.18)
In addition to the above definition for the covariant derivative on the bosonic fields, one
can also define covariant derivatives acting on spinor fields. The generator of the spinorial
representation of the local Lorentz group SO(1, 1) is given by 1
2
(σ¯)α
β. The local Lorentz
transformations of spinor fields are then given by
δψα = −1
2
l(σ¯ψ)α,
δψα = −1
2
l(σ¯ψ)α.
(A.19)
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From these transformations, one can define the following covariant derivative acting on the
spinor fields ψα(x) and ψ
α(x),
(∇mψ)α = ∂mψα + 1
2
ωm(σ¯ψ)α,
(∇mψ)α = ∂mψα + 1
2
ωm(σ¯ψ)
α.
(A.20)
One can easily check the metric compatibility for the spinor metric ηαβ and ηαβ ,
∇mηαβ = ∇mηαβ = 0,
and the following covariant constant relations
∇mδαβ = ∇m(σa)αβ = ∇m(σ¯)αβ = 0.
Appendix B. Geometry of superspace
In order to construct supersymmetric theory on the two-dimensional world-sheet, we
use the (1, 1) type superspace with coordinates zM = (xm, θµ) (m = 0, 1; µ = 1, 2). The
coordinates xm and θµ are bosonic and fermionic, respectively,
zMzN = (−)|M ||N |zNzM , (B.1)
where |M | is a Grassmann parity of the coordinate zM .
One can define a differential p-form in (1, 1) superspace as
Φ(z) ≡ (−)
p(p−1)/2
p!
dzMp · · ·dzM1ΦM1···Mp(z), (B.2)
where the coefficient function ΦM1···Mp(z) is “graded” antisymmetric in its indices, due to
the “graded” anticommutativity of the differential forms,
dzMdzN = −(−)|M ||N |dzNdzM .
The exterior derivative for the p-form is defined by
dΦ(z) ≡ dzL∂L
((−)p(p−1)/2
p!
dzMp · · ·dzM1ΦM1···Mp(z)
)
=
(−)(p+1)p/2
p!
dzMp · · ·dzM1dzL∂LΦ(z).
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Under the “usual” wedge product of p-form Φ(z) and q-form Ψ(z),
Φ(z)Ψ(z) ≡ (−)
p(p−1)/2+q(q−1)/2
p!q!
dzMp · · ·dzM1ΦM1···Mp(z)dzNq · · ·dzN1ΨN1···Nq(z),
the Leipnitz rule for the product of p-form Φ(z) and q-form Ψ(z) is given by
d(Φ(z)Ψ(z)) = dΦ(z)Ψ(z) + (−)pΦ(z)dΨ(z).
At each points on superspace, a local Lorentz frame is defined by introducing a vielbein
one-form
EA(z) = dzMEM
A(z), (B.3)
where the indices A = (a, α) (a = 0, 1; α = 1, 2) denote the local Lorentz flame. The
vielbeins EM
A(z) are invertible superfields
EM
A(z)EA
N (z) = δM
N , EA
M(z)EM
B(z) = δA
B. (B.4)
In the local Lorentz frame, the exterior derivative is written by
d = dzM∂M = E
A∂A, (B.5)
where we denote the derivative ∂A as
∂A ≡ EAM∂M .
The “graded” Lie bracket is given by
[∂A, ∂B} = CABC∂C , (B.6)
where
CAB
C ≡ (∂AEBN)ENC − (−)|A||B|(∂BEAN )ENC .
The vielbeins obey the following local Lorentz transformations,
δEA(z) = EB(z)L(z)εB
A, (B.7)
where the generator of SO(1, 1) local Lorentz group is defined by
εA
B =
 εa
b 0
0 1
2
(σ¯)α
β
 ,
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and the superfield L(z) is a gauge parameter. In order to define supercovariant derivative
on SO(1,1) local Lorentz group, a connection one-form is introduced as
ΩA
B(z) = dzMΩM(z)εA
B = Ω(z)εA
B, (B.8)
and its local Lorentz transformation is defined by
δΩM(z) = ∂ML(z). (B.9)
The connections allow us to define supercovariant derivatives on scalar field Φ(z) and vector
fields ΨA(z) and ΨA(z) as
DΦ = dΦ = EC∂CΦ,
DΨA = dΨA + ΩεABΨB = EC
(
∂CΨA + ΩCεA
BΨB
)
≡ ECDCΨA, (B.10)
DΨA = dΨA − ΩΨBεBA = EC
(
∂CΨ
A − ΩCΨBεBA
)
≡ ECDCΨA,
where we denote ΩA(z) ≡ EANΩN (z).
The torsion two-form TA(z) and the curvature two-form RA
B(z) are then defined as
TA = DEA ≡ −1
2
ECEBTBC
A, (B.11a)
RA
B = dΩA
B + ΩA
CΩC
B ≡ −1
2
EDECRCDA
B. (B.11b)
In the local Lorentz flame, the torsion and the curvature are explicitly given by
TBC
A = −CBCA − ΩBεCA + (−)|B||C|ΩCεBA,
RCDA
B =
(
∂CΩD − (−)|C||D|∂DΩC − CCDEΩE
)
εA
B
≡ FCDεAB.
The torsion and the curvature satisfy the Bianchi identities
DTA = −EBRBA, (B.12a)
DRAB = 0. (B.12b)
Because the tangent group SO(1,1) is Abelian, the identity (B.12b) becomes trivial relation.
On the other hand, the identity (B.12a) becomes the following nontrivial one in the local
Lorentz flame,
DATBCD + (−)|A|(|B|+|C|)DBTCAD + (−)|C|(|A|+|B|)DCTABD
+TAB
ETEC
D + (−)|A|(|B|+|C|)TBCETEAD + (−)|C|(|A|+|B|)TCAETEBD
= −RABCD − (−)|A|(|B|+|C|)RBCAD − (−)|C|(|A|+|B|)RCABD.
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The dynamical variables of two-dimensional supergravity are the vielbein EM
A(z) and
the connection ΩM (z). The degrees of freedom of these superfields are 80 = (4× 4× 4) +
(4 × 4), because two bosonic fields and one Majorana spinor field are contained in one
single superfield. In order to clarify true physical degrees of freedom, it may be useful to
impose the following kinematic constraints on some of the torsion components TAB
C(z),
Tβγ
a = Tγβ
a = 2i(σa)βγ,
Tbc
a = −Tcba = 0, (B.13)
Tβγ
α = Tγβ
α = 0.
These constraints reduce the degrees of freedom to 24 = 80 −
(
(2 × 3 × 4) + (2 × 1 ×
4)+ (2× 3× 4)
)
. Other torsion and curvature components are determined from the above
constraints by introducing one single scalar superfield Sˆ(z) [17]:
Tβc
a = −Tcβa = 0,
Tbγ
α = −Tγbα = 1
4
(σb)γ
αSˆ, (B.14)
Tbc
α = −Tcbα = − i
4
εbc(σ¯)
αβDβSˆ,
and
Fαβ = Fβα = i(σ¯)αβSˆ,
Fαb = −Fbα = 1
2
(σ¯σb)α
βDβSˆ, (B.15)
Fab = −Fba = i
4
εabDαDαSˆ + 1
4
εabSˆ
2.
Under the super-general coordinate and the super local Lorentz transformations, the
vielbeins EM
A(z) and the connections ΩM(z) transform as
δEM
A = KN∂NEM
A + ∂MK
NEN
A + EM
BLεB
A, (B.16a)
δΩM = K
N∂NΩM + ∂MK
NΩN + ∂ML, (B.16b)
where KN (z) and L(z) are local parameters for the super-general coordinate and super
local Lorentz transformations, respectively. If one denotes these gauge parameters as
Kn = kn(0) + iθ
ρkn(1)ρ +
i
2
(θθ)kn(2),
Kν = kν(0) + iθ
ρkν(1)ρ +
i
2
(θθ)kν(2),
L = l(0) + iθ
ρl(1)ρ +
i
2
(θθ)l(2),
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and use the degrees of freedom for the parameters kn(1)ρ(x), k
n
(2)(x), k
ν
(1)ρ(x) k
ν
(2)(x), l(1)ρ(x)
and l(2)(x), one can impose the following Wess-Zumino gauge,
Eµ
a = iθρEρµ
a +O(θ2),
Eµ
α = δµ
α + iθρEρµ
α +O(θ2), (B.17)
Ωµ = iθ
ρωρµ +O(θ2),
where Eρµ
a(x) = Eµρ
a(x), Eρµ
α(x) = Eµρ
α(x) and ωρµ(x) = ωµρ(x). Since the degrees
of freedom of the Wess-Zumino gauge are (2 × 2) + 2 + (2 × 2) + 2 + 2 + 1 = 15, the
remaining degrees of freedom are 24− 15 = 9 and the remaining gauge degrees of freedom
are 20 − 15 = 5 which we should specify later. We identify these 9 degrees of freedom to
the following field contents,
Em
a|θ=0 ≡ ema, (zweibein),
Em
α|θ=0 ≡ 1
2
χm
α, (Rarita-Schwinger field), (B.18)
Sˆ|θ=0 ≡ A, (auxiliary field).
By using these independent variables em
a(x), χm
α(x) and A(x), we can then determine all
of the field variables:
• vielbeins:
Em
a = em
a + i(θσaχm) +
i
4
(θθ)em
aA,
Em
α =
1
2
χm
α − 1
4
(θσm)
αA− 1
2
(θσ¯)αωˆm − 3
16
i(θθ)χm
αA +
i
8
(θθ)(υˇσm)
α,
Eµ
a = iθλ(σa)λµ,
Eµ
α = δµ
α − i
8
(θθ)δµ
αA.
(B.19)
• inverse vielbeins:
Ea
m = ea
m − i
2
(θσmχa)− 1
8
(θθ)(χaσ
nσmχn),
Eα
m = −iθλ(σm)λα − 1
4
(θθ)(σnσmχn)α,
Ea
µ = −1
2
χa
µ +
i
4
(θσnχa)χn
µ +
1
4
(θσa)
µA+
1
2
(θσ¯)µωˆa
+
1
16
(θθ)(χaσ
lσnχl)χn
µ − i
8
(θθ)(χaσ
nσ¯)µωˆn − i
8
(θθ)(υˇσa)
µ,
Eα
µ = δα
µ +
i
2
θλ(σn)λαχn
µ
+
1
8
(θθ)(σlσnχl)αχn
µ − i
4
(θθ)(σnσ¯)α
µωˆn − i
8
(θθ)δα
µA.
(B.20)
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• connections:
Ωm = ωˆm +
i
2
(θσ¯σmυˇ) +
i
2
(θσ¯χm)A
− i
4e
(θθ)gmnε
nl∂lA +
i
4
(θθ)ωˆmA− 1
8
(θθ)(υˇσ¯σnσmχ
n),
Ωµ =
i
2
θλ(σ¯)λµA.
(B.21)
• auxiliary field:
Sˆ = A+ i(θυˇ) +
i
2
(θθ)B. (B.22)
In the above relations, we denote
ωˆm = ωm − i
2
(χmσ¯σ
nχn),
υˇµ = −2
e
εmn(σ¯∇ˆmχn)µ − 1
2
(σmχm)µA,
B =
2
e
εmn∂mωˆn − i
2
(υˇσmχm)− i
4e
εmn(χmσ¯χn)A+
1
2
A2,
where ωm(x)
(
= 1
e
eamε
nl∂nel
a(x)
)
is the usual torsion free spin connection defined via
(A.18). The covariant derivative on spinor fields ∇ˆm is defined by (A.20), except for using
the connection ωˆm(x) instead of the torsion free connection ωm(x). It is worth to mention
that since Eµ
α(z) is essentially Kronecker delta between µ and α indices, spinor indices
might be written either µ or α in the Wess-Zumino gauge.
In addition to the above super-general coordinate and super local Lorentz transforma-
tions, one can define the super-Weyl scaling transformation [17], which is consistent with
the kinematic constraints (B.13),
δEM
a = −SEMa,
δEM
α = −1
2
SEM
α +
i
2
EM
a(σa)
αβDβS,
δΩM = EM
aεa
bDbS + EMα(σ¯)αβDβS,
δSˆ = SSˆ − iDαDαS,
(B.23)
where S(z) is a scalar superfield parameter for the super-Weyl scaling. If one expands the
scalar superfield S(z) by the following way,
S = s+ i(θsˇ) +
i
2
(θθ)s¯, (B.24)
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the auxiliary field A(x) can be gauged away by using the gauge degree of freedom s¯(x). At
this stage, we have 8(= 9−1) degrees of freedom and 8(= 5+3) gauge degrees of freedom.
Now let us specify residual gauge symmetries. As we have explained, we still have 8
gauge degrees of freedom and then identify these to the following gauge parameters,
Kn|θ=0 ≡ kn, (general coordinate transformation),
Kν |θ=0 ≡ ζν, (local supersymmetry transformation),
L|θ=0 ≡ l, (local Lorentz transformation), (B.25)
S|θ=0 ≡ s, (Weyl scaling transformation),
−i∂µS|θ=0 ≡ sˇµ, (super-Weyl scaling transformation).
In order to preserve the Wess-Zumino gauge, the other components of the gauge parameters
should be determined as
Kn = kn + i(θσnζ) +
1
4
(θθ)(χlσ
nσlζ),
Kν = ζν − i
2
(θσlζ)χl
ν − 1
2
l(θσ¯)ν +
1
2
θνs+
i
4
(θθ)(σ¯σlζ)νωˆl
−1
8
(θθ)(χkσ
lσkζ)χl
ν , (B.26)
L = l − i(θσlζ)ωˆl − i(θσ¯sˇ)− i
4
(θθ)(υˇσ¯ζ)− 1
4
(θθ)(χkσ
lσkζ)ωˆl,
S = s+ i(θsˇ) +
1
2e
(θθ)εmn(ζσ¯∇ˆmχn).
In particular, the residual symmetries of the supergravity multiplet em
a(x) and χm
α(x) are
given by
δem
a = kn∂nem
a + ∂mk
nen
a + i(ζσaχm) + lem
bεb
a − sema, (B.27a)
δχm
α = kn∂nχm
α + ∂mk
nχn
α + 2(∇ˆmζ)α − 1
2
l(σ¯χm)
α − 1
2
sχm
α − (σmsˇ)α. (B.27b)
One may introduce a scalar superfield Φ(z) and a spinor superfield Ψ˜α(z) as
Φ = φ+ i(θκ) +
i
2
(θθ)G, (B.28a)
Ψ˜α = iψˆα + iθαX
′ + i(σ¯θ)αX + i(σ
mθ)αA˜m + (θθ)ψα. (B.28b)
The super-general coordinate, super-Lorentz and super-Weyl transformations are given by
δΦ = KN∂NΦ, (B.29a)
δΨ˜α = K
N∂NΨ˜α − 1
2
L(σ¯)α
βΨ˜β +
1
2
SΨ˜α, (B.29b)
52
In the Wess-Zumino gauge, one can express these transformations for the component
fields,
δφ = kn∂nφ+ i(ζκ),
δκα = k
n∂nκα + (σ
mζ)α
(
∂mφ− i
2
(χmκ)
)
+ ζαG− 1
2
l(σ¯κ)α +
1
2
sκα, (B.30a)
δG = kn∂nG− i
2
(ζσmσnχm)
(
∂nφ− i
2
(χnκ)
)
+ i(ζσm∇ˆmκ)− i
2
(ζσmχm)G+ sG,
and
δψˆα = k
n∂nψˆα +
(
(X ′ +Xσ¯ + A˜mσ
m)ζ
)
α
− 1
2
l(σ¯ψˆ)α +
1
2
sψˆα,
δX ′ = kn∂nX
′ + i(ζψ) +
i
2
(ζσm∇ˆmψˆ)− i
4
(
ζσm(X ′ +Xσ¯ + A˜nσ
n)χm
)
+ sX ′,
δX = kn∂nX + i(ζσ¯ψ)− i
2
(ζσ¯σm∇ˆmψˆ) + i
4
(
ζσ¯σm(X ′ +Xσ¯ + A˜nσ
n)χm
)
+ sX,
δA˜m = ∂mk
nA˜n + k
n∂nA˜m + i(ζσmψ) +
i
2
(ζσnσm∇ˆnψˆ) + i(ζσnχm)A˜n
− i
4
(
ζσnσm(X
′ +Xσ¯ + A˜lσ
l)χn
)
− i
2
(sˇσmψˆ), (B.30b)
δψα = k
n∂nψα +
i
4
(ζσmσnχm)(∇ˆnψˆ)α − i
2
(ζσmχm)ψα
+
1
2
(σmζ)α∂mX
′ +
1
2
(σ¯σmζ)α∂mX +
1
2
(σmσnζ)αem
a∇ˆnA˜a
− i
8
(ζσmσnχm)
(
(X ′ +Xσ¯ + A˜lσ
l)χn
)
α
− i
4e
εmn(ζ∇ˆmχn)(σ¯ψˆ)α + i
4e
εmn(ζσ¯∇ˆmχn)ψˆα
−1
2
l(σ¯ψ)α +
3
2
sψα +
1
2
(
(X ′ +Xσ¯)sˇ
)
α
,
where we denote the covariant derivative for the vector field A˜a(x) ≡ eamA˜m(x) as
∇ˆmA˜a = ∂mA˜a + ωˆmεabA˜b.
The superdeterminant E(z) is defined by
E ≡ sdetEMA = detEma detEαµ
= e+
i
2
e(θσmχm) +
i
4
e(θθ)A +
1
8
(θθ)εmn(χmσ¯χn). (B.31)
It might be useful to give the following relation for the checking of the gauge invariance
of the action in the superfield formulation,∫
d2θEDαΨ˜α = ∂m
(
egmnA˜n − i
2
εmn(ψˆσ¯χn)
)
, (B.32)
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for an arbitrary spinor superfield Ψ˜α(z) defined by (B.28b). We also give the following
relation,
(σ¯)αβDαDβΦ = 0, (B.33)
for an arbitrary scalar superfield Φ(z).
Appendix C. Generalized Poisson bracket
A generalized Poisson bracket [26] is defined by
{F,G} ≡
(
δLF
δϕi
δLG
δPϕi
− δLF
δPϕi
δLG
δϕi
)
+ (−)|F |
(
δLF
δθα
δLG
δPθα
+
δLF
δPθα
δLG
δθα
)
, (C.1)
where canonical variables ϕi and Pϕi are bosonic, and θ
α and Pθα are fermionic. In the
above definition the contraction of the indices contains the integration of space or spacetime
and |F | is the Grassmann parity of F . This generalized Poisson bracket will be replaced
by the graded commutation relation multiplied by −i upon quantization, as usual,
{ , } → 1
i
[ , }. (C.2)
The explicit forms of the basic Poisson brackets are given by
{ϕi, Pϕj} = −{Pϕj , ϕi} = δij,
{θα, Pθβ} = {Pθβ , θα} = −δαβ .
The algebraic properties of the Poisson bracket are as follows:
{F,G} = −(−)|F ||G|{G,F},
{F,G1G2} = {F,G1}G2 + (−)|F ||G1|G1{F,G2},
{F1F2, G} = F1{F2, G}+ (−)|G||F2|{F1, G}F2.
Appendix D. Lorentz generators in the light-cone gauge formula-
tion
We give bellow some of the explicit operator forms of the Lorentz generators in the light-
cone gauge formulation:
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• (NS, NS) sector:
M i− = xi
(
(p+ˆ)2
φ+ˆ(φ+ˆp+ − φ+p+ˆ)
(
− φ+φ− + 1
2
φjφj
)
− p
+ˆ
φ+ˆp+ − φ+p+ˆ
(
− φ−p+ + φjpj
)
+
2πφ+ˆ
φ+ˆp+ − φ+p+ˆ
(
:Ltr0 : + :L˜
tr
0 : −a0 − a˜0
))
−x−pi
+i
p+ˆφk
φ+ˆp+ − φ+p+ˆ
( ∞∑
m=1
1
m
(
αi−mα
k
m − αk−mαim
)
+
∞∑
r= 1
2
(
bi−rb
k
r − bk−rbir
))
−i 2
√
πφ+ˆ
φ+ˆp+ − φ+p+ˆ
( ∞∑
m=1
1
m
(
αi−mL
tr
m − Ltr−mαim
)
+
∞∑
r= 1
2
(
bi−rG
tr
r −Gtr−rbir
))
+i
p+ˆφk
φ+ˆp+ − φ+p+ˆ
( ∞∑
m=1
1
m
(
α˜i−mα˜
k
m − α˜k−mα˜im
)
+
∞∑
r= 1
2
(
b˜i−rb˜
k
r − b˜k−r b˜ir
))
−i 2
√
πφ+ˆ
φ+ˆp+ − φ+p+ˆ
( ∞∑
m=1
1
m
(
α˜i−mL˜
tr
m − L˜tr−mα˜im
)
+
∞∑
r= 1
2
(
b˜i−rG˜
tr
r − G˜tr−rb˜ir
))
+φipφ
− − φ−pφi, (D.1a)
M i−ˆ = xi
(
p+p+ˆ
φ+ˆ(φ+ˆp+ − φ+p+ˆ)
(
φ+φ− − 1
2
φjφj
)
− p
+
φ+ˆp+ − φ+p+ˆ
(
φ−p+ − φjpj
)
− 2πφ
+
φ+ˆp+ − φ+p+ˆ
(
:Ltr0 : + :L˜
tr
0 : −a0 − a˜0
))
−x−ˆpi
−i p
+φk
φ+ˆp+ − φ+p+ˆ
( ∞∑
m=1
1
m
(
αi−mα
k
m − αk−mαim
)
+
∞∑
r= 1
2
(
bi−rb
k
r − bk−rbir
))
+i
2
√
πφ+
φ+ˆp+ − φ+p+ˆ
( ∞∑
m=1
1
m
(
αi−mL
tr
m − Ltr−mαim
)
+
∞∑
r= 1
2
(
bi−rG
tr
r −Gtr−rbir
))
−i p
+φk
φ+ˆp+ − φ+p+ˆ
( ∞∑
m=1
1
m
(
α˜i−mα˜
k
m − α˜k−mα˜im
)
+
∞∑
r= 1
2
(
b˜i−rb˜
k
r − b˜k−rb˜ir
))
+i
2
√
πφ+
φ+ˆp+ − φ+p+ˆ
( ∞∑
m=1
1
m
(
α˜i−mL˜
tr
m − L˜tr−mα˜im
)
+
∞∑
r= 1
2
(
b˜i−rG˜
tr
r − G˜tr−rb˜ir
))
+φipφ
−ˆ +
1
φ+ˆ
(
φ+φ− − 1
2
φjφj
)
pφ
i, (D.1b)
M−−ˆ = x−
(
p+p+ˆ
φ+ˆ(φ+ˆp+ − φ+p+ˆ)
(
φ+φ− − 1
2
φjφj
)
− p
+
φ+ˆp+ − φ+p+ˆ
(
φ−p+ − φjpj
)
− 2πφ
+
φ+ˆp+ − φ+p+ˆ
(
:Ltr0 : + :L˜
tr
0 : −a0 − a˜0
))
+x−ˆ
(
(p+ˆ)2
φ+ˆ(φ+ˆp+ − φ+p+ˆ)
(
φ+φ− − 1
2
φjφj
)
− p
+ˆ
φ+ˆp+ − φ+p+ˆ
(
φ−p+ − φjpj
)
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− 2πφ
+ˆ
φ+ˆp+ − φ+p+ˆ
(
:Ltr0 : + :L˜
tr
0 : −a0 − a˜0
))
+i
2
√
πφj
φ+ˆp+ − φ+p+ˆ
( ∞∑
m=1
1
m
(
αj−mL
tr
m − Ltr−mαjm
)
+
∞∑
r= 1
2
(
bj−rG
tr
r −Gtr−rbjr
))
+i
2
√
πφj
φ+ˆp+ − φ+p+ˆ
( ∞∑
m=1
1
m
(
α˜j−mL˜
tr
m − L˜tr−mα˜jm
)
+
∞∑
r= 1
2
(
b˜j−rG˜
tr
r − G˜tr−rb˜jr
))
+φ−pφ
−ˆ +
1
φ+ˆ
(
φ+φ− − 1
2
φjφj
)
pφ
−. (D.1c)
• (R, R) sector:
M i− = xi
(
(p+ˆ)2
φ+ˆ(φ+ˆp+ − φ+p+ˆ)
(
− φ+φ− + 1
2
φjφj
)
− p
+ˆ
φ+ˆp+ − φ+p+ˆ
(
− φ−p+ + φjpj
)
+
2πφ+ˆ
φ+ˆp+ − φ+p+ˆ
(
:Ltr0 : + :L˜
tr
0 : −a0 − a˜0
))
−x−pi
+i
p+ˆφk
φ+ˆp+ − φ+p+ˆ
( ∞∑
m=1
1
m
(
αi−mα
k
m − αk−mαim
)
+
∞∑
r=1
(
bi−rb
k
r − bk−rbir
)
+
1
2
(
bi0b
k
0 − bk0bi0
))
−i 2
√
πφ+ˆ
φ+ˆp+ − φ+p+ˆ
( ∞∑
m=1
1
m
(
αi−mL
tr
m − Ltr−mαim
)
+
∞∑
r=1
(
bi−rG
tr
r −Gtr−rbir
)
+
1
2
(
bi0G
tr
0 −Gtr0 bi0
))
+i
p+ˆφk
φ+ˆp+ − φ+p+ˆ
( ∞∑
m=1
1
m
(
α˜i−mα˜
k
m − α˜k−mα˜im
)
+
∞∑
r=1
(
b˜i−r b˜
k
r − b˜k−rb˜ir
)
+
1
2
(
b˜i0b˜
k
0 − b˜k0 b˜i0
))
−i 2
√
πφ+ˆ
φ+ˆp+ − φ+p+ˆ
( ∞∑
m=1
1
m
(
α˜i−mL˜
tr
m − L˜tr−mα˜im
)
+
∞∑
r=1
(
b˜i−rG˜
tr
r − G˜tr−rb˜ir
)
+
1
2
(
b˜i0G˜
tr
0 − G˜tr0 b˜i0
))
+φipφ
− − φ−pφi, (D.2a)
M i−ˆ = xi
(
p+p+ˆ
φ+ˆ(φ+ˆp+ − φ+p+ˆ)
(
φ+φ− − 1
2
φjφj
)
− p
+
φ+ˆp+ − φ+p+ˆ
(
φ−p+ − φjpj
)
− 2πφ
+
φ+ˆp+ − φ+p+ˆ
(
:Ltr0 : + :L˜
tr
0 : −a0 − a˜0
))
−x−ˆpi
−i p
+φk
φ+ˆp+ − φ+p+ˆ
( ∞∑
m=1
1
m
(
αi−mα
k
m − αk−mαim
)
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+
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• (NS, R) sector:
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